Statistics

Research Article

Received 10 May 2013 Accepted 16 March 2014 Published online 10 April 2014 in Wiley Online Library

(wileyonlinelibrary.com) DOI: 10.1002/sim.6166

A Bayesian approach to functional
mixed-effects modeling for longitudinal
data with binomial outcomes

Stephanie Kliethermes®*' and Jacob Oleson”

Longitudinal growth patterns are routinely seen in medical studies where individual growth and population
growth are followed up over a period of time. Many current methods for modeling growth presuppose a para-
metric relationship between the outcome and time (e.g., linear and quadratic); however, these relationships may
not accurately capture growth over time. Functional mixed-effects (FME) models provide flexibility in handling
longitudinal data with nonparametric temporal trends. Although FME methods are well developed for contin-
uous, normally distributed outcome measures, nonparametric methods for handling categorical outcomes are
limited. We consider the situation with binomially distributed longitudinal outcomes. Although percent correct
data can be modeled assuming normality, estimates outside the parameter space are possible, and thus, esti-
mated curves can be unrealistic. We propose a binomial FME model using Bayesian methodology to account
for growth curves with binomial (percentage) outcomes. The usefulness of our methods is demonstrated using
a longitudinal study of speech perception outcomes from cochlear implant users where we successfully model
both the population and individual growth trajectories. Simulation studies also advocate the usefulness of the
binomial model particularly when outcomes occur near the boundary of the probability parameter space and in
situations with a small number of trials. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

A defining characteristic of many longitudinal studies, regardless of the distribution of the outcome, is
that they contain multiple measurements on the same individuals over some period of time. In certain
situations, it may be of interest to assume that the basic unit of measurement for these individuals is
not an observation at a specific time point but rather an individual’s curve created by the collection
of observations. Current methods in functional data analysis (FDA) analyze these longitudinal applica-
tions with the assumption that the data are measurements from smooth, infinite-dimensional curves, and
observations at each time point are noise along the underlying curve [1,2]. Classical FDA assumes large
numbers of observations per individual to fit the infinite-dimensional curve; yet, this is often not feasible
for longitudinal studies as they can be expensive and time consuming. Many longitudinal studies result in
a finite number of time points and likely include missing observations. Functional mixed-effects (FME)
models are flexible enough to handle longitudinal data with limited outcomes and missing data [2], but
the models generally assume that the outcome of interest is normally distributed or at least that it can be
modeled as such. The assumption of normality often simplifies necessary statistical methods and eases
interpretation of results. Percentage data are an example of one such outcome, which is often assumed
to be normally distributed for ease of analysis. However, percentage data are more accurately described

“Department of Medicine, Stritch School of Medicine, Loyola University Chicago, 2160 S. First Ave, Maywood, IL 60153,
US.A.

b University of lowa, 100 CPHB, Room 300, 145 N. Riverside Drive, lowa City, IA 52242-2007, U.S.A.

*Correspondence to: Stephanie Kliethermes, Department of Medicine, Stritch School of Medicine, Loyola University Chicago,
2160 S. First Ave, Maywood, IL 60153, U.S.A.

T E-mail: skliethermes @ lumc.edu

- _______________________________________________________________________________________________|
Copyright © 2014 John Wiley & Sons, Ltd. Statist. Med. 2014, 33 3130-3146



Statistics
S. KLIETHERMES AND J. OLESON

as a summation of independent Bernoulli outcomes at each longitudinal time point and thus would be
more accurately considered binomially distributed data if the independent Bernoulli assumption can
be justified.

When linear regression techniques, which assume normality, are used to model binomial data, various
problems can arise. First, the homoscedasticity assumption of the error variance is violated because the
probability of success differs at each time point. As a result, the variance of the parameter estimates
may be biased, which can result in incorrect inferences. In addition, the error terms are not normally
distributed, which can undermine the validity of hypothesis testing in studies with small sample sizes.
Although the inherent heteroscedasticity can be fixed via weighted least squares, and normality can be
asymptotically achieved with large enough sample sizes, a major problem with assuming normality for
percentage data still remains. When using linear models to model percentage data, there is no restriction
on the prediction falling within the possible range of probabilities. That is, predictions of probabilities
greater than 100% and less than 0% are possible yet not interpretable for true binomial data. When this
happens, investigators will often truncate the predicted values at 0% or 100%, potentially biasing the
accuracy of results [3].

In this paper, we propose a Bayesian binomial FME model that extends the FME model introduced by
Wensheng Guo [2] by specifically accounting for outcomes that are binomially distributed. At each time
point, an individual undergoes a set number of ‘N trials’ resulting in x successes and N — x failures.
In the context of growth, one may reasonably assume that the number of successes for a given individ-
ual may improve for a period of time and then remain steady once maximum growth or learning has
occurred. Thus, for binomial trials, he or she would obtain more successes at each ensuing time point
until he or she reaches a point of maximum threshold where the number of successes no longer improves
for all remaining time points. Taken together, the scores at each time point result in an observed growth
curve of that individual’s successes and can be regarded as noisy observations around the individual’s
true underlying curve. The goal is then to use these collected observations to estimate the true underlying
curve for an individual.

Functional linear models have used smoothing splines, regression splines, B-splines, and kernel meth-
ods as a way to estimate functional (fixed) coefficients, but the FME model extends this framework to
a longitudinal setting by adding functional random effects to allow for variability among individuals
[2,4]. Guo’s FME model has the flexibility to model both subject-specific and population curves over
time because of functional components for the fixed and random effects. This model, with a normal
outcome, has direct parallels to the well-known linear mixed-effects (LME) models because of its use of
smoothing splines. In fact, special cases of this functional model reduce to widely known models used
in longitudinal data analysis such as the LME model, nonparametric longitudinal models, and func-
tional extensions of analysis of variance [2]. A semiparametric modeling approach is also possible in
this setting. If one has a priori knowledge of the parametric form of the curve, then either the ran-
dom effects or fixed (population) parameters could incorporate a non-linear parametric function such as
the Gompertz or logistic curves. These non-linear functions could also be used to impose constraints
on the curves such as creating monotonically non-decreasing curves. In this paper, we prefer to be
more general and thus model both the population and subject-specific curves using fully nonparametric
techniques.

As previously mentioned, there are many ways to consider modeling percentage data—each with
its own benefits and drawbacks. The number of successes can be modeled directly and assumed
to be normally distributed. Although perhaps the easiest and most direct approach, this method
allows for the possibility of predicting a negative number of successes or a number of successes
greater than the number of trials. Thus, predictions may be unrealistic. As a result, we propose a
hierarchical binomial FME model that both bounds the possible outcomes to realistic values and
accounts for variability in the outcome score. In this paper, we will compare our proposed binomial
approach to the normal FME model, which is equivalent to a nonparametric mixed-effects model
but estimated from the Bayesian perspective; several strengths and weaknesses of each approach will
be discussed.

In Section 2, we introduce FME models with Section 2.1 devoted to a brief introduction of normal
FME models. In Section 2.2, we extend the normal FME model to account for binomially distributed
data (e.g., percentage data). We apply our model to hearing data for cochlear implant (CI) patients in
Section 3, and in Section 4, we present simulation studies to evaluate the performance of the approaches
mentioned earlier with different population means. Finally, we conclude this paper with a discussion
in Section 5.
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2. Functional mixed-effects models

2.1. Normal functional mixed-effects model

The FME model is a nonparametric mixed-effects model which uses cubic smoothing splines to esti-
mate both fixed and random effects [2]. This nonparametric model is a natural extension of parametric
LME models where the fixed effects and random effects are now modeled as functions. Similar to LME
models, FME models can handle complex designs and correlation structures, but their greatest appeal is
in their ability to allow the data to determine the shape of the curve instead of a pre-specified function
and the ease in which they can be estimated using Bayesian methodology. When group-average profiles
and subject-specific deviations cannot be adequately modeled via parametric relationships between the
outcome of interest and the time variable, nonparametric functions such as splines are often considered
a viable alternative.

At the design points, the FME model can be formulated as an LME model, although it allows for
nonparametric estimation of the fixed and random effects via cubic splines. Let f;; be the design time
points for the ith individual at the jth time point where i = 1,2,...,n andj = 1,2,...,m; with m;
representing the number of time points for the 7th individual. Then, y;;denotes the response of subject i
at time j. The model can be written, most generally [2] as follows:

vij = XijB (i) + Zijeu (1) + eij. eij ~ N (0.07) M
Here, X;; = (xjj1....,Xijp) and Z;; = (Zij1,...,Zijq) are known 1 x p and 1 x ¢ design matrices,
respectively. The vector B(f) = {B1(¢).....Bp (t)}T isa p x 1 vector of population functions of time ¢,
a;(t) ={ai(t),..., aiq(t)}T is a ¢ x 1 vector of subject-specific functions of time ¢, and ¢;; is the mea-

surement error. The functions in vectors B(7) and a; (1) are denoted as B (#;;) and «; (¢;7), respectively,
when evaluated at a specific design time point for a specific individual. The subject-specific functions
are modeled as realizations of smooth processes—typically Gaussian. Finally, p and g are the number
of population and subject-specific parameters modeled as functions, respectively.

When only one covariate is considered, say time, Equation (1) can be written in a simpler form:

vij = B (tij) + i (tij) + eij eij ~ N (0,07) )

The function B(¢) is a population mean function relating time to the outcome and f (ti j) represents the
function evaluated at the jth time point for the ith individual. Similarly, «; (¢) is the departure of the
ith individual function from the population function, (), and «; (ti j) represents the ith individual’s
deviation function evaluated at the jth time point. Finally, ¢;; is the measurement error. For the purpose
of this paper, time is the only covariate included in the models, and thus, model (2) will be used as the
reference model. This model can be regarded as a generalization of an LME model where the population
function (i.e., fixed effects) and subject-specific functions (i.e., random effects) are treated as smooth
curves over time. We are primarily interested in estimating the population—average curve, B(¢), as well
as the subject-specific deviation curves, «;(¢) for each individual. Then, we can fully specify the ith
individual’s curve by combining the population curve and the subject-specific deviation curve for that
individual: B(t) + o; (1).

Guo [2] proposed a Bayesian estimation procedure for these curves via cubic smoothing splines; how-
ever, if B(¢) and «; (¢) are modeled with parametric functions, then models (1) and (2) reduce to an LME
model. His technique draws on the relationship between cubic smoothing splines and linear mixed mod-
els explained by Wahba [5] and results in both functions (random and fixed effects) being modeled as
cubic smoothing splines. See [2] or [6] for details on the estimation procedure of this model. Although
Guo uses cubic smoothing splines to estimate the functions, this is primarily for convenience and ease of
estimation. Extensions to other splines (e.g., B-splines) and kernel bases such as local polynomials can
be used to obtain the smoothing. We consider cubic splines in this paper for ease of implementation and
as a natural extension to Guo’s model, which focused specifically on this type of smoothing splines.

2.2. Binomial functional mixed-effects model

2.2.1. Data model. Our proposed binomial hierarchical model assumes the observed number of
successes, yjj, fori = 1,...,n individuals and j = 1,...,m; time points are distributed binomially
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and models a function of the probability (i;;) of achieving the observed outcome as opposed to directly
modeling the outcome (y;;). That is, the resulting smooth growth curves are estimates of the proba-
bility of achieving an outcome at each time point as opposed to estimates of the observed outcomes.
An additional benefit in assuming a binomial setting is that this proposed model has the ability to cap-
ture the variability (uncertainty) of an individual outcome at each time point by treating it as a random
outcome from the estimated probability of obtaining the outcome (;;). By placing a prior distribution
on the logit(r;;) values and treating them as random, the posterior estimates will take into account the
binomial nature of the original data. The proposed hierarchical model is as follows:

yijl|mij ~ Bin(N, ;;) 3)

logit(mij) = B (tij) + i (tij) + eij

where i = 1,...,n individuals and j = 1,...,m; time points. The total number of trials for an indi-
vidual at a given time point is denoted by N, and, for simplicity, N is assumed to be constant at each
time point and the same for all individuals. As introduced in Section 2.1, B(t) represents the population-
averaged profile and (ti j) is the evaluation of this function for the i th individual at the jth time point.
The functions «; (1) are subject-specific random effects specifying individual deviations from the popu-
lation function, and «; (t,- j) are evaluations at specific time points. The random functions are modeled as
realizations of smooth processes—typically Gaussian. For the scope of this paper, only one population
function is modeled, and each individual only has one subject-specific function because time is the only
covariate included in the model.

The measurement error of logit(r;;) is captured by e;; and is assumed to be normally distributed,
eijj ~ N (02). When using the log-normal framework to model the outcomes, the linear model contains
a residual effect that includes other sources of variability not explained by the linear model such as
higher-order interactions or unknown sources of variability in 7;;. The Bayesian hierarchical modeling
approach is flexible enough that the beta-binomial approach could also be used to model the probabili-
ties, resulting in a conjugate prior. However, the log-linear model approach is used because the inclusion
of the fixed and random effects into the model is straightforward.

2.2.2. Process models. Although model (3) can accommodate a different number of time points per
individual, for simplicity, we assume each subject has an equal number of time points, and we drop the
i subscript within #;;, where each subject is measured at time ¢; for j = 1,...,m. Then we can write
t=(,t,..., tm)T as a vector of design time points, which is the same for all individuals.

A cubic smoothing spline is a smooth function with a continuous second derivative, which is estimated
by minimizing a specific penalized least squares criterion. Wahba [5] proved that minimizing the penal-
ized least squares criterion for a given function in the cubic spline framework is equivalent to putting a
Bayesian prior of the form f(t) = By + Bit + w(¢) onto the B(¢) and «; (¢) functions and estimating
the functions by their posterior means. In a function of this form, By and B; can be regarded as inter-
cept and slope parameters, and t = (t1,15, ..., tm)T is an m x 1 vector of the design time points. The
function w(¢) is a smooth (Gaussian) process with mean and covariance structure, R, which ensures the
smoothness of the posterior mean [2]. The realization of w(#) can be thought of as the smooth deviation
of f(¢) from the straight line By + Bjt. At the design time points, f(¢) is mathematically equivalent to
a mixed-effects model, where By and B are the fixed effects and w(¢) represents the random effects.

When modeled this way, the posterior estimate of the population mean function ,é(t) can be
represented by E[B(7)|ly] and the estimates of the subject-specific deviations &;(t) = El[c;(t]y:i)].
The population functions are estimated using all the data, whereas the subject-specific deviations pri-
marily rely on data for the ith subject, although they do borrow strength from other subjects to estimate
the random effects. Because both ,3 (z) and @; (¢) are cubic smoothing splines, ﬁ (t;j) + d;(t;j) can be
considered a cubic smoothing spline as well [2,5]. At the design time points, S(¢) and «; (¢) of the data
model (3) can be written as the following LME models:

Bt)=Td +u 4)

ai(t)=Mic; +v; Q)

Copyright © 2014 John Wiley & Sons, Ltd. Statist. Med. 2014, 33 3130-3146
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The matrices T = {1,,,,¢} and M; = {1,,,t} are m x 2 design matrices; ¢ is as defined earlier, and 1 is
an m x 1 vector of ones, which serves as a place holder for the population and subject-specific intercepts.
The 2 x 1 vector, d = (By, BI)T contains the slope and intercept for the fixed effects (population) func-
tion and modeled with a large, diffuse variance, d ~ N; (0, §x1 ;). Similarly, ¢; = (a;0, ail)T are 2 x 1
vectors of the slopes and intercepts for the random effects functions and modeled as ¢; ~ N2 (0, Q),
and u andv; are random effects that control for the smoothness of the curve by estimating the departure
of (4) and (5) from a straight line. They are specified as u~N,, (0, t, R,) and v;~N,, (0, 7, R,). The
smoothing parameters 1, and 7, can be thought of as variance components of the mixed models (4) and
(5), respectively, as they control the amount of smoothing in the population and subject-specific curves.
When 7, — 0 and/or t, — 0, a large amount of smoothing occurs, and the spline tends towards a
straight line; however, as t,, — oo and/or 7, — 00, little to no smoothing takes place. These smoothing
parameters can be fixed by the investigator or estimated as part of the MCMC sampling algorithm.

When expressing this model via its functional components, Equations (4) and (5), and following the
modeling procedure detailed earlier, we obtain a hierarchical data structure consisting of the overall data
model, process models, and hyperpriors. Let &; = (7;1, 7i2, . . ., 7Tim)T be an m x 1 vector of probabil-
ities for the ith individual, where i = 1,...,n individuals and j = 1, ..., m time points. Similarly, let
yi = i1, Yiz, .-, y,-m)T be an m x 1 vector containing the number of successes at each time point for
the i th individual and e; the measurement error for the ith individual. The hierarchical model can thus
be written as follows:

y;|mi~Bin(N, ;)

logit(w;) =Td +u+Mic; +v; +e;

Parameter models:
In a Bayesian hierarchical model, the remaining hyperparameters in the model must be specified. Let

O~ 1W (v,¥)and

Ty ~ 1G (a, B)

Define T ; (1 x 2) and M;; (1 x 2) as the jth rows of T and M, respectively. As previously men-
tioned, d = (By, Bl)T is a 2 x 1 vector containing the slope and intercept for the population function,
d ~ N, (0,&%1,) with § — oo. Further, ¢; = (ajo, ail)T are 2 x 1 vectors of the slopes and intercepts

for the individual level random effects functions, with ¢ = (¢T,cZ,... T )T and ¢; ~ N> (0, Q).
The random effects are modeled via u; = (uq,u,,.. .,um)T and v; = (vi1,vi2,..., v,-m)T, which
control for the smoothness of the curves by expressing the departure of the population and subject-
specific curves, respectively, from a straight line at the design time points. Let u = (ulT, u2T e ,u,{ )T,
where u; = up, = ... = uy and u; ~ Ny (0,7, R,), and let v = (vl,vz,...,vn)T, where each

v; ~ Ny (0,7yR,). The m x m covariance structures, R,,, and R, represent the variance—covariance
matrix of an integrated Wiener process at the design points [2,7, 8] for the population and subject-specific
random effects, respectively. These matrices share the same structures and values because they are not

R, 0 0
determined by the data. The matrix R}, = 0 . 0 is an nm x nm block diagonal matrix
0 0 R,

of the R, variance—covariance. The hyperprior for Q, the covariance structure for the subject-specific
slopes and intercepts, is an inverse Wishart and the prior distributions for the smoothing parameters, t,,
and t,, both follow inverse gamma distributions. The hyperparameters (¢, v, ¥, «, B) for these priors
can be specified based on prior knowledge (or lack of existing knowledge) of the parameters.

The estimation procedure for the normal FME model is similar to the binomial FME estimation; how-
ever, the outcomes, y;;, are directly modeled as opposed to the probabilities of the outcomes. Given
that the Bayesian hierarchical model is largely composed of conjugate priors, the MCMC sampling is
primarily via the Gibbs updates. The full conditional distributions for parameters in this model can be
found in Appendix A. Note that the full conditionals for the normal model mimic those of the binomial
model, although a full conditional distribution is not specified on the y;; in the normal model as it is in
the binomial hierarchical model.
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2.2.3. Capturing uncertainty with posterior predictive estimates. Oftentimes, observed outcomes are
highly variable estimates in and of themselves, and it may be of further interest to model this uncertainty
in the values of the observed outcomes. That is, in the binomial setting, there may be a measurement
error if the same subject was to repeat the same trials at the exact same time. In this setting, one may
reasonably expect that the resulting outcome would be different than the first attempt. Our proposed
Bayesian binomial FME model allows us to straightforwardly account for this uncertainty by calculating
the posterior predictive distributions of the outcomes at each time point. When using the original point
estimates of the scores and treating them as fixed in the Bayesian paradigm, we ignore our uncertainty
of the scores themselves. The posterior predictive distribution allows us to account for our uncertainty
in these scores by predicting new scores based upon the probability of an individual achieving a spe-
cific score at a specific time point. The posterior predictive distribution of the data y can be represented
as follows:

P (Yaenly) = /p (Y e ¥-¥) p (Wly)dy

where y ., represents the newly predicted data, y is the original observed data, and 7 are the cor-
responding probabilities of observing y. Although we cannot typically derive the posterior predictive
distribution directly, we can first draw estimates of & from its posterior distribution and then simulate
Y (new) from the sampling distribution of 7 [9]. By sampling from the posterior distribution of 7, we can
easily estimate y (), Which is independent of the observed data, y. In the binomial FME model,

[y(new) |y] ~ Bln(N7 '/’)

where logit(x), and thus =, is being estimated at each iteration of the MCMC routine. Therefore, with
every updated estimate of logif (1), we can obtain an estimate of y (,,,, by drawing from this distribution,
resulting in a posterior predictive distribution for the new outcomes.

Although the posterior predictive distribution is often used in Bayesian analysis as a goodness-of-fit
measurement to assess the accuracy of models, we use it here to construct credible intervals representing
the uncertainty in our original data. Typically, if the data we actually observed reflects the pattern of
our posterior predictive distribution, we have evidence that we chose our model and prior distributions
well [9]. Yet by using the posterior predictive distribution to come up with a credible interval for the
true underlying curve, we can express our uncertainty in an estimate of a curve that is subject to noise.
This approach parallels the use of confidence and prediction bands in frequentist analyses. With slight
sampling error, the mean of each y; ;) posterior distribution will be the same as the mean of the pos-
terior distribution of s;;. But the credible interval of the posterior predictive outcomes will account for
the variability in the observed outcome score itself. This results in a ‘prediction’ credible interval that is
wider than the credible interval for the actual probabilities that are being modeled in the basic binomial
FME model.

3. Application

3.1. Background

The motivation for the proposed binomial FME model arose out of a desire from a group of researchers
at the University of Iowa to more accurately predict growth curves in speech and hearing applications
where outcome data are often not normally distributed. Parametric models often do not fit speech and
hearing outcome data well because the data tend to asymptote at the upper end of the growth trajectory.
Higher-ordered polynomials can sometimes accurately fit the data; however, interpretation of parameter
estimates is often lost in the process, and these models can be difficult to fit. The original FME model is
a viable approach to modeling these data because it relaxes the parametric assumptions of both the fixed
and random effects and can be estimated via hierarchical Bayesian methods, which ease the interpreta-
tion and estimation of parameters of interest. Yet, the normality assumption of the FME model still does
not accurately describe some outcome data. In this section, we apply the proposed binomial FME model
to actual percentage data and compare the results to those obtained via the original FME model, which
assumes normality.

The Iowa/Nucleus Hybrid FDA data originated from a clinical trial led by Dr Bruce Gantz at The
University of Iowa between the years 1999 and 2008. Patients with severe to profound hearing loss were
implanted with the Iowa/Nucleus 10-mm Hybrid CI, and their improvement in speech processing was
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measured over time. The Hybrid dataset consists of 87 patients who were initially enrolled in the clinical
trial [10, 11]. Before the initial implantation, each subject was given a baseline consonant—nucleus—
consonant (CNC) word score test. This test consisted of two lists of 50 monosyllabic words, which were
digitally recorded and played to the patient. The patient was then asked to repeat the word back to an
investigator under various settings involving hearing aids and the CI. The number of words the patient
repeated correctly (out of 100 possible words) was recorded and serves as the primary outcome for our
proposed binomial FME model. It is assumed that each word is a Bernoulli trial, and the trials are inde-
pendent. Follow-up CNC tests were given at approximately 3-month intervals in the first year with the
length in-between testing increasing to 6 months in the second year. Because of an excessively large
amount of missing data in the CNC scores at 9 months post-operation, this month was removed from
consideration in all analyses, resulting in measurements at the following time points: baseline and 3, 6,
12, 18, and 24 months post-implantation.

It is assumed that individuals implanted with the device will generally improve on the CNC test over
time, and it is of interest to predict both the individual and population growth curves associated with these
measures. Standard parametric mixed models are too restrictive in measuring this type of data given the
shape of the growth curves. And current nonparametric methods fall short in accurately modeling the
binomial outcomes for both subject-specific and population curves, or they are very difficult to imple-
ment. Thus, the FME model is a viable approach to modeling this set of data. Because the normality
assumption of the FME model may not accurately capture the data, we compare results from the nor-
mal model to results obtained from our binomial FME model and the predictive binomial FME model.
Figure 1 displays the raw data for the 87 patients in the dataset with the solid black line representing the
population-averaged growth profile.

3.2. Missing data

As with many longitudinal studies involving human subjects, this dataset is not immune to missing
observations. Overall, 33% of the data are missing, and after 12 months (1 year follow-up), the amount
of missing data drastically increases. No missing data occur at baseline, but the percent missing increases
to 4.9% at 3 months, 6.0% at 6 months, and 9.6% after 12 months. At 18 months, the amount of missing
data more than doubles to 24.3% before reaching 33% after 24 months. The missing data at the latter
time points are because this was a multi-center trial, and only individuals at one site (The University
of Towa) were followed up for the full 24 months; therefore, we assume the missingness mechanism to
be missing at random [12]. With the Bayesian approach to modeling, all missing data can be treated as
unknown latent parameters in the model, and we can estimate each missing outcome at the same time
we estimate all other model parameters.

Hybrid CNC Scores

100
L

80
i

Mumber Words Correct{out of 100)

o [ 10 15 20 25
time{months)

Figure 1. Observed CNC outcome curves for all individuals in CNC dataset.
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The missing values for an individual, y, ,,, are estimated based on the observed values for that indi-
vidual using functional multiple imputation techniques [6]. Suppose y; = (¥ uis» Vi.obs)» a0 1 s 1S
the number of missing observations for an individual. The vector y; . is an n; ;s X 1 vector of missing
values to be estimated. For the normal case, He et al. [6] proposed a method for estimating the posterior
distribution of each missing value via the Gibbs sampling as follows:

[yi,mis”yi,obs?parameters] ~N (wi,mis?UaZIn,g,,,[S)

where w; ;s is the sub-vector of w; = (Td + u;) + (M ;c; + v;) corresponding to the ith subject’s
missing values. The w; vectors utilize information from both the individual data and the population data
to estimate the missing y; ;. Starting values for this Gibbs sampler are given by implementing the
last observation moved forward imputation method, although other reasonable approaches can be used
instead to obtain starting values. For the proposed binomial model, instead of sampling from a normal
distribution, we sample from a binomial distribution:

[J’i,mis||J’i,gbsvpamm€f€"s] ~ Bin(N, 7t ; yis)

where 7; ;s is the sub-vector of w; = exp{w;} /(1 + exp {w;}) and corresponds to the ith subject’s
missing values. Each iteration of the MCMC algorithm involves the estimation of model parameters,
variance components, and missing data.

3.3. Model computing and MCMC setup

All analyses and estimation routines were implemented using R Version 2.15.1 [13] and a Windows 7
operating system. In addition to the base package of R, the following packages were used in our MCMC
algorithms and diagnostic routines: mvtnorm [14], MCMCpack [15], bindata [16], Matrix [17], zoo [18],
timeSeries [19], boa [20], and coda [21]. The Gibbs sampling routines were used for parameters with
known full conditional distributions, and slice sampling was invoked for parameters with full conditional
distributions of unknown form. These routines were chosen for convenience, and other MCMC sam-
pling routines could be considered to improve computing efficiency and generalizability. The MCMC
algorithm runtime is approximately 3.5 h for this dataset with 5000 iterations.

We use vague hyperpriors for all parameters in the model to reflect lack of pre-existing informa-
tion on the parameters. In all models (normal, binomial, predictive binomial), the same priors are used.
A N»(0,100012) prior is used for all fixed effects parameters (population slopes and intercepts). The
covariance matrix, Q, has an independent /W (0.01,0.00112) prior, and both the smoothing parame-
ters and error variances are given /G(0.01, 0.01) priors. Sensitivity to our choice of priors was assessed
within a reasonable range of noninformative hyperparameters, and similar results were achieved. The
chains were run for 5000 iterations, and all parameters achieved burn-in after 500 iterations. Conver-
gence was assessed and achieved by examining trace plots from various reasonable starting values and
using the Geweke diagnostic criterion with o = 0.05 [22,23].

The estimated curves are compared using credible interval widths and a root mean square error
(RMSE) measure. The average RMSE is a longitudinal version of the traditional RMSE and calculates
the average RMSE of the estimated smooth curve from the actual smooth curve:

n m N >
RMSE = \/Zi:l 2 =1 (T — pij)

nxm-—72

where ﬂi’; is the estimated value of the smooth curve at time j for individual i, and p;; = y;;/n is the
observed proportion of success for the same individual at the same time point.

3.4. Results

The estimated population curves (Figure 2) for each model are relatively similar with the normal model
providing the lowest RMSE of 1.63, followed by the binomial (and predictive binomial) with an RMSE
of 1.80. Despite the differences in RMSE, the estimated means at each design time point are very sim-
ilar, although the credible intervals for each model do differ. The credible interval widens at the latter
time points in the normal model as a result of the large amount of missing data at these time points and
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Figure 2. Estimated population curves with 95% credible intervals for normal, binomial, and predictive binomial

FME models.
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Figure 3. Estimated growth curves with 95% credible intervals for normal, binomial, and predictive binomial
FME models for select individual with missing data.
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Figure 4. Estimated growth curves with 95% credible intervals for normal, binomial, and predictive binomial
FME models for select individual with complete data.

the homoscedastic error assumption made with this distribution. The credible intervals of the binomial
model are narrower, on average, than the normal model. Although the widths of the credible intervals still
widen at the later time points, they remain much more stable than the widths associated with the normal
model. The credible intervals for the predictive binomial model are the widest as would be expected.

Differences between the models, as well as limitations, are more apparent when considering the results
for individual curves. The major limitation of the normal model is visible in Figure 3 as the model pre-
dicts an individual’s curve beyond 100% correct at the last design time point. The average margin of
error associated with the binomial curve is slightly smaller than that for the predictive binomial curve:
0.08 and 0.11, respectively. Both are smaller than the normal curve with an average width of 0.18. When
considering the RMSE for each curve, the binomial and predictive binomial have the smallest average
RMSE at 6.64 followed by an RMSE of 8.46 for the normal model.

For situations where individual curves are complete and fall in the middle of the parameter space, the
predicted individual curves are more similar. In Figure 4, curves are estimated for an individual with
complete data, and they are remarkably similar. The average RMSE for these curves are still smallest for
the binomial curves (2.70 for binomial, and 2.77 for predicted binomial) and largest for the normal at
3.02. When comparing the average credible interval widths across models, the normal and binomial have
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the smallest average width of 0.11, followed closely by the predicted binomial (0.14), which is expected
to have the largest width.

Despite the larger width of the CIs for the predictive binomial curves, they are often within rea-
sonable ranges of the binomial and normal models. This predictive binomial model will be especially
useful in situations where an individual is newly implanted with Cls and the physician would like to
predict where the patient’s maximum growth will result without having to wait for a long period of time.
Furthermore, the binomial and normal models provide very similar curves when the dataset is complete
and with curves in the middle of the percent correct range. Depending on the situation, either curve could
be used; however, the binomial model is foolproof from predicting curves outside of a feasible range
of outcomes.

4. Simulation studies

Simulation studies are constructed to assess the benefit of the proposed binomial FME model over the
traditional FME model that assumes normality of the original data. We also compare these models to our
proposed predictive binomial model.

For each simulation study, 100 simulated datasets were randomly generated by pre-specifying all
population and subject-specific parameters in the binomial FME model needed to create logit proba-
bility estimates for each individual at all time points. In constructing all datasets, an integrated Wiener
covariance structure was used for the R matrix. The datasets consist of 20 individuals and have observa-
tions for both six and 20 time points within the same time frame to assess the impact that the number of
time points has on the model. The logit probability estimates were then transformed to the probability
scale and used to simulate outcomes from a binomial distribution with N = 10, 20, and 100 trials. The
specific values used to generate the logit(r;;) were chosen such that the resulting probability curves fall
within the high end of the probability parameter space (70—-100% correct) as well as in the middle of
the probability parameter space (20—80% correct). To create datasets in the high end of the parameter
space and in the middle of the parameter space, only the population slope and intercept parameters were
altered. This procedure resulted in 12 combinations of 100 simulated datasets that were used for the
simulation studies (Table I).

The same vague priors were used for all simulation studies. A N (0, 1000) prior was used for the pop-
ulation slope and intercept, and the covariance matrix, Q, was given an independent /W (0.01, 0.0011 )
prior. Both smoothing parameters and the error variance were given /G(0.01, 0.01) priors. Sensitivity to
choice of prior was assessed for all simulations within a reasonable range of noninformative hyperpa-
rameters, and similar results were achieved. The chains were run for 5000 iterations, and all parameters
achieved burn-in after 500 iterations. This was assessed by examining trace plots from various reasonable
starting values and using the Geweke diagnostic criterion with o = 0.05 [22,23].

Table I. Twelve combinations of trials, time points, and param-
eter space location of growth curve for simulation studies.
Number Number of Parameter
of trials time points space
10 6 High
Middle
20 High
Middle
20 6 High
Middle
20 High
Middle
100 6 High
Middle
20 High
Middle
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4.1. Goodness-of-fit measures

Because the purpose of these models is to estimate the true underlying curves, traditional Bayesian
goodness-of-fit measures such as deviance information criterion (DIC) and posterior predictive p-values
are inappropriate. These measures assess goodness-of-fit of the model to the observed data; however,
in the functional framework, we treat the observed data as ‘noise’ around a true underlying smooth
curve and wish to find the model that most accurately resembles the underlying curve, not the observed
data. Furthermore, when used as a selection criterion, DIC (unlike its frequentist analog AIC), can
only be used when the outcomes are the same because the pD is not invariant to transformations of
the data [24,25]. Similar to He et al. [6], we use a combination of measures to assess goodness-of-fit
including average coverage probability, average credible interval width/2, average RMSE, and average
relative bias.

The coverage probability calculation is averaged across all individual curves in each dataset and is the
percentage of true probabilities along the underlying smooth curve that falls within the credible interval
of the estimated smooth curve. The coverage probabilities in the high range are only calculated using
observed values less than one because the binomial model cannot estimate a perfect score of one. The
average credible interval width is the margin of error for all credible intervals averaged within indi-
viduals, and across individuals for each dataset. The average RMSE is the same as that introduced in
Section 3, where ni’; is the estimated value of the smooth curve at time j for individual i; however, 7;;
is now the true (simulated) underlying value of the smooth curve for the same individual at the same
time point. The true m;; are known in the simulation studies because they are used to simulate the 100
noisy datasets; however, these values are unknown in real data analyses, and so the noisy observations
are used instead. Lastly, the average relative bias is used to evaluate performance in a manner similar to
the RMSE. The ‘average’ relative bias measures the accuracy of the point estimator and is calculated as
follows for one dataset:

Y1 2= ()(ﬂf} —n,-,-)) /m,-)

n*xm

RBias = x 100

In other words, the RBias takes the average of the absolute value of the bias divided by the real underlying
probability (RBias = avg(|bias/true|) for all individuals at all time points. These measures are calculated
for each dataset in the simulation study, and the average across all 100 datasets is reported. From here
on out, average will be dropped in discussion of the performance criteria, and the criteria should be
understood to be averages within individual curves, across individuals, and among all datasets.

4.2. Comparison of different modeling approaches

The proposed binomial FME model is designed to more accurately model longitudinal growth outcomes
that are binomially distributed than existing methods. The normal distribution is often a reliable approx-
imation of binomial data when the number of trials is large enough, and so it is important to assess
the value of the binomial FME model with both small and large numbers of trials. Further, outcomes
that occur closer to the edge of the parameter space of 7;; (as opposed to the middle) will be handled
differently depending on the assumed distribution. The normal distribution has the potential to predict
probabilities outside of a valid parameter space, whereas the binomial model may better handle outcomes
occurring near the edge of this parameter space (near O or 1).

When a binomial outcome occurs with only 10 trials, the asymptotic properties of the normal distri-
bution as an approximation to the binomial may break down. The simulation results in Table II show
the binomial model outperforming the normal model in RMSE and relative bias when the curve falls
in the high end of the parameter space with a small number of time points (N = 10,m = 6). The
binomial model has an average relative bias and RMSE of 2.42 (SE = 0.27) and 3.45 (SE = 0.39),
respectively, whereas the normal model’s average relative bias is 3.09 (SE = 0.42) and average RMSE is
4.16 (SE = 0.70). In terms of the coverage probability, all models appear to do sufficiently well (above
90% coverage) while estimating curves in the middle end of the parameter space; however, the normal
model performs best among models in the high end of the parameter space. The average margin of error
for the normal distribution is greater than the average margin of error for both the binomial models in
the high end of the parameter space (m = 6 and m = 20); yet the normal RMSE is smaller than that of
the binomial in the middle of the probability parameter space.
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Table II. Simulation results using goodness-of-fit measures for estimated curves in all proposed models,
where number of trials for each outcome measure equals 10 (100 simulations; 5000 iterations; burn-in = 500

iterations).
Time  Parameter Model Coverage
points space distribution probability (SE)  CI width/2 (SE) RMSE (SE) Relative bias (SE)
6 High Normal 93.1% (4.73%) 7.58 (0.83) 4.16 (0.70) 3.09 (0.42)
Binomial 88.4% (7.43%) 4.47 (0.81) 3.45(0.39) 2.42(0.27)
Predictive binomial ~ 98.8% (1.65%) 10.88 (0.81) 3.45(0.39) 2.42(0.27)
Middle Normal 94.6% (3.37%) 13.76 (0.87) 6.95 (0.69) 13.76 (0.87)
Binomial 90.4% (3.88%) 13.37 (0.51) 7.62 (0.68) 10.89 (1.08)
Predictive binomial ~ 99.9% (0.28%) 27.17 (0.59) 7.62 (0.68) 10.89 (1.08)
20 High Normal 93.2% (2.80%) 5.47 (0.29) 2.95 (0.28) 2.29 (0.21)
Binomial 90.6% (6.0%) 4.03 (0.42) 2.91(0.31) 2.02 (0.20)
Predictive binomial ~ 99.4% (1.0%) 8.37(0.39) 2.91(0.31) 2.02 (0.20)
Middle Normal 95.2% (2.39%) 9.62 (0.32) 4.90 (0.41) 9.20 (0.94)
Binomial 91.9% (2.73%) 10.10 (0.25) 5.24 (0.40) 10.82 (1.08)
Predictive binomial 100% (0%) 27.54 (0.24) 5.25 (0.40) 10.82 (1.08)

Table III. Simulation results using goodness-of-fit measures for estimated curves in all proposed models,
where number of trials for each outcome measure equals 20 (100 simulations; 5000 iterations; burn-in = 500

iterations).
Time  Parameter Model Coverage
points space distribution probability (SE)  CI width/2 (SE) RMSE (SE) Relative bias (SE)
6 High Normal 92.5% (4.08%) 5.57 (0.64) 3.20 (0.44) 2.38 (0.29)
Binomial 90.6% (6.0%) 4.03 (0.42) 2.91 (0.31) 2.02 (0.20)
Predictive binomial 99.4% (1.0%) 8.37 (0.39) 2.91 (0.31) 2.02 (0.20)
Middle Normal 94.3% (3.36%) 10.59 (0.82) 5.40 (0.51) 7.37 (0.77)
Binomial 92.8% (3.65%) 10.78 (0.41) 5.85(0.54) 8.31 (0.79)
Predictive binomial 99.9% (0.23%) 20.27 (0.36) 5.85(0.55) 8.31 (0.79)
20 High Normal 93.7% (2.79%) 4.19 (0.22) 2.40 (0.27) 1.83 (0.19)
Binomial 92.2% (3.39%) 3.54 (0.17) 2.42 (0.24) 1.78 (0.17)
Predictive binomial 99.9% (0.05%) 9.28 (0.27) 2.42 (0.24) 1.78 (0.17)
Middle Normal 94.9% (2.41%) 7.35(0.24) 3.85(0.30) 7.13 (0.69)
Binomial 92.5% (2.44%) 7.87 (0.15) 4.04 (0.31) 8.12 (0.73)
Predictive binomial 100% (0%) 20.10 (0.14) 4.05 (0.31) 8.12 (0.73)

In some situations (e.g., small time points and small number of trials), where obtaining credible inter-
vals that contain the true value is important, the predictive binomial appears to be the best choice. The
RMSE and relative bias are the smallest, and one is nearly assured to capture the true underlying proba-
bility within the credible interval. The trade-off, of course, is a larger margin of error associated with the
low end of the credible interval. Moreover, with 10 trials, the normal and binomial models both improve
upon the RMSE, coverage probability, and relative bias when increasing the number of time points.

To assess the impact of the normality assumption on binomial outcomes, we chose to look at the
situation where asymptotic normality is commonly assumed to be justified (N = 20). The results are
presented in Table III. In this setting, the binomial model again appears to be the best choice with limited
time points and outcomes near the high end of the parameter space (i.e., m = 6, parameter space=high).
The coverage probability in the normal model is 92.5% compared to 90.6% in the binomial model. Both
coverage probabilities increase as the number of time points increase. With N = 20 trials, the cover-
age probability in the middle of the parameter space is acceptable (greater than 90%) for all models
with both m = 6 and m = 20 time points. In general, the goodness-of-fit measures improve with an
increase in time points. Thus, when N = 20, the binomial model is still an appropriate model choice for
growth curves with high success probabilities as it performs similarly to, and sometimes better than, the
normal model.

Figure 5 provides a visual depiction of select simulation results in the high range of the parameter
space. The actual smooth curve used to generate the observed data is represented by the black dotted
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Figure 5. Estimated subject-specific growth curves with 95% credible intervals for simulated data in the high
end of the parameter space and for differing combinations of trials and time points.
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Table IV. Simulation results using goodness-of-fit measures for estimated curves in all proposed models,
where number of trials for each outcome measure equals 100 (100 simulations; 5000 iterations; burn-in =
500 iterations).
Time  Parameter Model Coverage
points space distribution probability (SE) CI width/2 (SE) RMSE (SE) Relative bias (SE)
6 High Normal 93.5% (2.82%) 3.18 (0.25) 1.71 (0.17) 1.26 (0.12)
Binomial 92.8% (3.8%) 2.63 (0.19) 1.76 (0.19) 1.19 (0.12)
Predictive binomial ~ 99.6% (0.62%) 4.41(0.13) 1.76 (0.19) 1.19 (0.12)
Middle Normal 94.6% (2.88%) 5.62 (0.42) 2.90 (0.25) 3.98 (0.36)
Binomial 94.5% (2.58%) 6.02 (0.17) 3.05(0.28) 4.28 (0.39)
Predictive binomial ~ 99.7% (0.46%) 9.91 (0.11) 3.05(0.28) 4.28 (0.39)
20 High Normal 94.1% (2.04%)  2.27 (0.10) 1.41 (0.10) 1.04 (0.07)
Binomial 93.1% (2.89%) 2.07 (0.08) 1.42 (0.10) 1.02 (0.08)
Predictive binomial ~ 99.9% (0.07%) 4.67 (0.06) 1.42 (0.10) 1.02 (0.08)
Middle Normal 94.8% (2.26%) 3.92 (0.14) 2.11 (0.15) 3.95(0.32)
Binomial 94.3% (1.92%) 4.21(0.08) 2.16 (0.15) 4.09 (0.34)
Predictive binomial ~ 99.9% (0.07%) 9.48 (0.05) 2.16 (0.15) 4.09 (0.34)

line, and the predicted smooth curve is represented by the red solid line. The blue dotted lines represent
95% credible intervals for the predicted smooth curve, and the black solid line is the simulated observed
data. In all cases, the predicted smooth curve accurately smooths the observed data and follows a similar
trajectory to the ‘true’ underlying smooth curve.

Lastly, we considered the situation where the number of trials was large (N = 100), and asymptotic
normality could safely be assumed when estimating the growth curves under the normal model. In this
setting (Table IV), both the normal and binomial models work remarkably similarly in terms of RMSE
and relative bias. Although the normal model appears to be the best model via the chosen criteria, the
binomial is not far behind. In the high range simulations with only six time points, the binomial model
actually outperforms the normal model in all goodness-of-fit measures except for coverage probabilities.
One argument for using the binomial model in this situation is that the parameter estimates are guaran-
teed to be within the parameter space, whereas the normal model still predicts probabilities greater than
100%. In the simulations involving 100 trials, the coverage probabilities perform well in both models
and generally improve with more time points. Furthermore, the average margin of error of the credible
intervals are smallest when N = 100. Interestingly, when the growth curves fall within the middle of
the parameter space for probabilities, the average margin of error for the normal model is smaller than
that of the binomial model. Certainly, when the number of trials is large, all models prove to be a viable
choice for modeling depending on the goals and needs of the researcher.

5. Discussion

By implementing a Bayesian approach, and capitalizing on the hierarchical nature of the FME model,
we are able to offer an alternative method for analyzing longitudinal growth curve data for binomial
outcomes. The binomial FME model offers a new way to model percentage data, without assuming
normality, by adding a hierarchical level to the estimation of Guo’s FME model. In doing so, the pre-
dicted curves (and outcomes) are guaranteed to be within the parameter space appropriate for percentage
data. Furthermore, we can account for the variability in the observed outcomes by using the predictive
binomial model to estimate the outcomes given the MCMC estimated probabilities. This method results
in a credible interval for the outcomes themselves rather than the credible interval for the probabil-
ities in the binomial model and provides a more conservative approach for predicting differences in
growth trajectories.

Our application to the speech perception data shows that all models perform similarly when model-
ing the population curves, although the normal model appears to be most affected by the large amount
of missing data in the latter time points. Therefore, with the large number of trials at each time point,
the normal distribution remains a reliable approximation to binomial data for estimation of population
level curves. However, individual curves are more troublesome when modeled with the FME model
assuming normality because this model can (and does) predict curves outside of the appropriate proba-
bility bounds. Given the large amount of missing data and variability among growth curves, the binomial
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model (and posterior predictive extension) shows the most promise in accurately modeling growth for
both individuals and populations. Functional models such as the one we propose are often used in larger
datasets with a large number of time points; however, the speech data used in our application only has
six time points. Although this model should be further tested on a dataset with a larger number of time
points, we have shown that it can be useful in situations with fewer time points.

To begin addressing differences in model performance due to the number of time points, we have
conducted simulation studies with only six time points and simulation studies with 20 time points. Sim-
ulation studies suggest that the binomial model is most appropriate in situations with binomial outcomes
where number of trials and number of time points are small and the outcomes occur at the high end
of the binomial parameter space (70-100%). In these situations, the asymptotic normality assumptions
break down, and accurately specifying the true distribution of the binomial outcomes is necessary. When
the number of trials is large, say 100, the normal model is a viable alternative even with a small num-
ber of time points in the high end of the parameter space. In general, the normal model proves to be
a good approximation for percentage data when N is large (e.g., N = 100), and it even outperforms
the binomial models in RMSE results. Yet, the binomial model often performs sufficiently well in these
situations. One remaining limitation to the normal FME model is its prediction of outcomes/curves out-
side of the meaningful parameter space for percentage data. This results in modeling unrealistic growth
curves; whereas the binomial model always ensures the predicted outcomes are between 0% and 100%,
and thus, all curves can be accurately interpreted.

The binomial FME model shows promise in its ability to accurately model growth over time. Although
the normal model appears to be a good approximation to the binomial model in certain cases, there are
distinct advantages to choosing the binomial approach. Our next research goal is to extend this model
such that covariates other than time are included in the model; this extension would allow us to compare
growth curves between various groups of individuals in one run of the model and assess the role other
variables may play in promoting or inhibiting growth.

Appendix A: Full conditionals

Let w; be an mx 1 mean vector such that w; = (Td + u;)+(M;c; +v;)andw = (w!, wl .., w,{)T.
Given that the Bayesian hierarchical model is largely composed of conjugate priors, the Gibbs sampling
is the primary MCMC sampling method used for both the population and subject-specific model param-
eters. However, the full conditional distribution of logit (7r;) does not follow any known distributional
form, and so a slice sampler is used to estimate these parameters. Prior distributions for oez,ru and 1,
are inverse gamma, /G(«,3), and the prior for Q is inverse Wishart, /IW(W¥, v). Hyperparameters can be
chosen based on prior knowledge or kept noninformative to create diffuse priors that allow the data to
drive the estimation. The full conditional distributions for all model parameters follow.

1. The conditional distribution of z; = logit(m;) is

P (zi|lwi, y;) xP(y;|lw;i, z;) P(z;)

m
iy —y. 1
[zi lwi] oc [ [ (i)™ (l—mj)N YU exp F(Zi —w;)(zi —w;)
j=1 E

T . . . .
Let z = (z.z.....zT)" be a nm x 1 vector of all estimated logit probabilities combined

and ; = (71, i, ..., Tim) T . Because of autocorrelation among the population parameters, the
population curve parameters were estimated simultaneously.

2. Thus, the conditional distribution of du = (d 7, ulT)T given 0 = (1, ¢,v,0},07) is
P (dul@,z) xP(z|0,du)P(du)

1., A | -
[dul@] ~ Nppio | | X' X + P —X'(z—Mc—v|,| XX+ P
o? o2 o?

& &

where P = diag [Ullz, (zuR,,)—l] and X = [T I'n] ® Lymxa-4m)-

2
b
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3. The conditional distribution of ¢; given 0 = (d, u;, v;, 082, 0)is
P (ci|0zi) xP(zi]0,¢ci)P(ci)
1 A 1 !
(1161~ N ((—2(M>/(M> + (Q)“) (—2<M)’<z,- Td - ui—vi) | (—2 (M) (M)+(Q)‘1) )
08 08 US
4. The conditional distribution of v; given @ = (7, d, u;, ¢;, 052) is

P (v;|0z;) xP(z;|0,v;)P(v;)

1 A 1 A\
[vi|0]~Nm((g1m+rvva) (0_—821;,1(1i—Td—”i—MCi)7(g1m+vavl) )

And the conditional distributions for the variance components are as follows:
5. The full conditional distribution for the population smoother is

P (ty|u) P (u|ty) P(ty)

_1 1 _
[tulu] o< |7 Ry | éexp {—Eu’(ruR,’;) lu} T;(afﬂ)exp {—?}
u

nm WR* 'u
P (ty|lu) ~IG (“r + Taﬁr + 4)

2
R, 0 0
R, = 0O . 0 is an nm x nm block diagonal matrix of the R, variance—covariance
0 0 R,

structure.
6. The full conditional distribution for the subject-specific smoother is written as

P(ty|v) P (v|ty) P(1y)

_1 1 _
o) o< I B3 e |2 R o etV |- L]

Ty
nm VR v
P (ty|v) ~IG (ar +—., B+ #)

2’ 2
R, 0 0
R} = 0 . 0 is an nm x nm block diagonal matrix of the R, variance—covariance
0 0 R,

structure.
7. The full conditional distribution for the variance component of the subject-specific slopes and
intercepts is

P(Qlc) xP(c[|Q)P(Q)

[Qle]~IW(n +a, B +c'c)

8. And finally, the full conditional distribution of the model error can be specified as follows:
P(o;|w, z) <P (w]6) P(o;)

[0} |w, z]~IG (% +14a B+ % (z—w) (z— W))
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