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Abstract

While logistic regression models are easily accessible to researchers, when applied to network
data there are unrealistic assumptions made about the dependence structure of the data.
For temporal networks measured in discrete time, recent work has made good advances
(Almquist & Butts, 2014), but there is still the assumption that the dyads are conditionally
independent given the edge histories. This assumption can be quite strong and is sometimes
difficult to justify. If time steps are rather large, one would typically expect not only the
existence of temporal dependencies among the dyads across observed time points but also
the existence of simultaneous dependencies affecting how the dyads of the network co-evolve.
We propose a general observation-driven model for dynamic networks that overcomes this
problem by modeling both the mean and the covariance structures as functions of the edge
histories using a flexible autoregressive approach. This approach can be shown to fit into a
generalized linear mixed model framework. We propose a visualization method that provides
evidence concerning the existence of simultaneous dependence. We describe a simulation
study to determine the method’s performance in the presence and absence of simultaneous
dependence, and we analyze both a proximity network from conference attendees and a world
trade network. We also use this last data set to illustrate how simultaneous dependencies
become more prominent as the time intervals become coarser.

Keywords: dependence structures, dynamic networks, generalized linear mixed models,
multivariate probit, observation-driven model

1 Introduction

Co-occurrence data involves observing a set of interactions, or edges, between a set
of actors. The observed edge set and actor set together form a network object. Such
networks arise in multitudinous contexts, and the analysis of network objects has
been of extreme importance to scientists in a wide range of fields. In particular,
the analysis of network dynamics is an extremely interesting and often difficult area
to work in, as temporal dependencies are added to an already complex network
dependence structure.

Several classes of models for temporally measured, or dynamic, networks have
been proposed, mostly over the last two decades. Each of these classes comes with
pros and cons, as one would expect. The network literature is vast even for dynamic
networks, and so we only touch on a few of the key classes of models before
presenting our proposed approach.
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2 D. K. Sewell

Modeling dynamic networks using continuous-time Markov processes has a long
history beginning with Holland & Leinhardt (1977) and continuing with several
other works (e.g., Wasserman, 1980; Leenders, 1995). A very impactful work
continuing the adoption of continuous-time Markov processes is the stochastic
actor-oriented model (Snijders, 1996), which has since seen much methodological
and software development (Ripley et al., 2013). In this framework, each actor forms
a new edge or breaks an existing edge in order to maximize that actor’s so-called
objective function. This function can represent homophily on attributes or structures
of the network itself, such as transitivity and reciprocity. This class of models has
been very popular and useful, and allows for wide flexibility in constructing the
objective function.

Another popular class of models used for static networks is the exponential
random graph (ERG) models, proposed by Frank & Strauss (1986) and developed
further in countless works. The ERG family of models was extended to dynamic
networks by Robins & Pattison (2001), and later extended by Hanneke et al. (2010)
and others. The temporal ERG model, or TERG model, in contrast to the stochastic
actor-oriented model, assumes the network data to be generated according to
a discrete time Markov process. The general idea in these ERG models is to
put the probabilistic structure of the observed networks in terms of functions of
sufficient statistics. These statistics often correspond to a count of some topological
feature, such as triangles or k-stars. The TERGM is quite flexible in the sufficient
statistics that can be included in the model, is parsimonious, and can handle
complex dependencies in the network. Similar in spirit is the Separable TERGM
(Krivitsky & Handcock, 2014), where both the formation and dissolution process
are modeled. Unfortunately, there are a variety of problems that arise with these
types of ERG models. There is the intractable normalizing constant that must be
approximated, as well as degeneracy issues, or non-existence of the maximum
likelihood estimators. See, e.g., Okabayashi (2011) and Jin & Liang (2013) for
more on this, as well as Hummel et al. (2012) for remedies to some of these
problems.

Stochastic ~ blockmodels  (Holland et al., 1983; Wang & Wong, 1987;
Snijders & Nowicki, 1997) have been one of the most widely used and studied
class of models for networks. The mixed membership blockmodel (Airoldi et al.,
2008) was extended for dynamic networks by Xing et al. (2010). While quite useful,
blockmodels suffer from an inability to capture network dependencies induced by
complex features such as transitivity or reciprocity.

A large number of models fall into the class of latent space models. These models
originated with Hoff et al. (2002) for static networks, and expanded in a variety of
ways (see, e.g., Handcock et al., 2007; Krivitsky et al., 2009). These models were then
extended to the dynamic context by Sarkar & Moore (2005), Durante & Dunson
(2014), and Sewell & Chen (2015). Scalability remains an issue with latent space
models, though some attempts have been made to alleviate this (Raftery et al.,
2012; Salter-Townshend & Murphy, 2013), and determining the dimensionality of
the latent space has attracted relatively little serious work, the main exception being
work done by Durante & Dunson (2014).

Our proposed work builds off of the logistic network regression models proposed
by Almquist & Butts (2013, 2014). This model provides a simple yet flexible
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Simultaneous and temporal autoregressive network models 3

framework for capturing the temporal dependency by modeling the mean as
a function of sufficient statistics constructed from previous observations of the
network. Their model has distinct advantages such as scalability, flexibility, and
easy accessibility to anyone familiar with generalized linear models. The authors
derive this model from the TERGM based on a clear set of assumptions. The most
controversial of these is that the network dyads are conditionally independent given
the network history. The problem is that the simultaneous dependence is ignored, i.e.,
the dependence between the co-evolving dyads. These simultaneous dependencies
play an important role in the evolution of the network, especially as the intervals
at which the network is observed increase (Lerner et al., 2013). It is well known
that ignoring extra variation in the data can, in contexts similar to our own, lead
to inconsistent estimation and attenuated estimates of the parameters (Demidenko,
2013). Thus ignoring simultaneous dependence in the data will in many cases lead to
poor estimation; we shall demonstrate this analytically in Section 2.3 and empirically
in Section 6.

Cox (1981) used the terms “parameter driven” and “observation driven” models
to describe two approaches for modeling binary time series data. In the context of
dynamic network analysis, we can think of the latent space approach as the analog to
parameter-driven models, where the temporal dependencies of the network are driven
through some latent variables evolving through, say, a Markov process. Our proposed
model follows what may be considered an observation-driven approach, where
both the simultaneous and temporal dependencies are driven by some functions of
the lagged observed networks. More specifically, our proposed approach captures
temporal dependence through modeling the mean as a function of lagged networks
and similarly captures the simultancous dependence through modeling the covariance
as a function of lagged networks.

An important motivation for this work was accessibility to appropriate network
methodology for those without extensive statistical background. We believe that
those familiar with generalized linear mixed models (GLMMs) (see Section 4)
should be able to easily understand and utilize our proposed approach, and
software will be made available on the author’s website to further facilitate
accessibility. While using a familiar framework, we account for both temporal
and simultaneous dependence, thus avoiding the adverse inferential impacts
that we otherwise would expect to occur by ignoring these two sources of
variation.

In Section 2, we present our proposed methodology, as well as some suggestions
for appropriately choosing the mean and covariance functions. In Section 3, we
describe our approach to estimation, with the details and selected proofs given in the
appendix. Section 4 generalizes our approach by fitting our method into the familiar
GLMM framework. In Section 5, we describe a visualization approach to evaluating
the evidence regarding the existence and impact of simultaneous dependence in the
data. In Section 6, we present a simulation study that examines the performance of
our model in the presence and absence of simultaneous dependencies. In Section 7, we
analyze two real data sets, illustrating the utility of our method and the importance
of accounting for simultaneous dependence in real data, as well as illustrating
how simultaneous dependence becomes more prominent as time intervals become
coarser.
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4 D. K. Sewell

2 Methodology
2.1 Context and notation

We assume that we have n objects, or actors, each of which may have some
interactions or relationships with the other actors. If such an interaction/relationship
exists between actors i and j, we say there is an edge between them. We assume
that the set of actors are constant over time, though the edges themselves may
exist during any subset of all possible time points. Here, we assume the data are
collected at discrete time points. Collectively, the set of actors and the time-varying
set of edges define the dynamic network. The data obtained can then be represented
by a three-dimensional tensor, or equivalently a sequence of adjacency matrices,
where each adjacency matrix, denoted as A, t = 0,1,...,T, is an n X n matrix
corresponding to the edges that exist at time ¢. That is, the (i, j)-th entry of 4;, Ajji,
equals one if there is an edge from i to j at time ¢ and zero otherwise. The diagonal
entries of each adjacency matrix hold no meaning unless so-called self-loops are
allowed, that is, an actor may send an edge to itself. For the purposes of clarity in
our exposition, we will assume in Section 2 that such self-loops are allowed as this
helps facilitate the mathematical description of the model and its properties; it is
trivial to translate the presented model to the context of no self-loops. However,
because (1) self-loops are relatively rare in practice, and (2) the derivations of our
estimation algorithm requires additional non-trivial steps when self-loops are not
allowed, the derivations provided in our appendices assume the diagonal elements
of the A,’s are meaningless. Additionally, the data in Sections 6 and 7 do not have
self-loops.

We also assume there exist some exogenous covariate information with which we
would like to explain or predict the edge probabilities. These covariates may by
static (e.g., race or gender) or time-varying (e.g., income or marital status). In the
remainder of the paper, we will treat the covariates as though they are time-varying
with the understanding that static covariates may be treated as such simply by
replicating them from one time point to the next. We denote the dyadic covariate
information by the n X n matrices X/, £/ = 1,...,p1, t = 1,..., T. For notational
convenience, we will denote a linear combination of equal sized matrices as (B, %) :=
Z?;l BsXsi, where B = (Bi,...,Bp,) and Z; is a 3-dimensional array whose /th slice
is X/t.

As will be seen shortly, we shall be focusing on covariance structures, and hence
it is natural to implement a probit type model for our binary dyadic data (although
we will generalize the work in Section 4). We thus assume that there are some
underlying matrices of normal random variables A4; that directly correspond to A4,

via the surjective function 4;;, = 1; 43,50}

2.2 Observation-driven model

The proposed model is an observation-driven approach, rather than parameter-
driven. That is, we may write the conditional mean of A4; as a function of Ay, ..., 4,
rather than as a function of some unobservable noise process. Observation-driven
approaches for temporal binary data have been well studied in simpler contexts.
While some complicated mean functions have been proposed (e.g., Shephard, 1995),
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Simultaneous and temporal autoregressive network models 5

often it is the simple and intuitive

E(A7 1 Aije—15 Aire—2), - - Zﬁ/X/z[l J] +ZO/AW 0,

(e.g., Cox, 1981; Zeger & Qaqish, 1988), where X[i, j] is the (i, j)-th entry of the
matrix X. However, this simplistic mean function is insufficient for complex network
objects. With this in mind, we will allow the second term of the mean of A4; to be
0,%,) = (0,%9(A1—1,A2,...)), where 0 = (0y,...,0,,), and ¥, maps the previous
adjacency matrices onto the space of n X n X p, tensors, ie., 4, uses the previous
adjacency matrices to construct p, new n X n matrices.

Note that p, does not refer to the number of lagged time points as in the simple
binary time series model, but rather can encompass a number of salient features
of the previous adjacency matrices, such as stability, reciprocity, or transitivity.
As a simple example, if we include stability and reciprocity for up to a lag of
two time points, then p, = 4 and the slices of ¥, are 4,1, A|_;, A—», and A4|_,.
These p, covariates involving functions of the lagged network can thus be used
in sophisticated ways to explain the temporal dependencies, i.e., the dependence
between A;j; and Ay, t # 5. For examples of other ways to construct ¢,, see Table 1
or the appendices of Almquist & Butts (2014).

Networks are complex objects, however, and attempting to capture all
dependencies through the mean structure alone is insufficient, particularly as the
intervals between time points grow larger. One would typically expect not only the
existence of temporal dependencies through which the network at varying time points
are dependent, but also simultaneous dependencies that dictate how the dyads of the
network co-evolve. Thus, we should be quite concerned with appropriately modeling
the second moments of the 4;;’s

With this motivation in mlnd we begin with the following multivariate probit
model. Let o7, be equal to vec(4;). Then set

IE(A”At—l’At—z,---) = <ﬂ,3rx> + <0, gt) (1)
Cov(#,) = Ty (2)

Note that X4, determines the covariance structure among the n®> dyads, and
hence has (O(n*) parameters. Clearly, it would not be possible to estimate such
an unconstrained X4-, outside of the context of small n large T, nor is this
unconstrained covariance structure what one would expect to see in reality. Going
to the extreme of constraining X4-, to be the identity matrix (and thus ignoring
simultaneous dependence entirely) leads to the model presented in Almquist & Butts
(2014), and hence what is presented here can be thought of as an alternative
generalization of their methods (the TERGM is the original motivation for and
generalization of their approach).

2.3 Ignoring simultaneous dependencies

Here, we make a short note on estimation errors associated with ignoring existing
variablity in the data. Demidenko (2013) gives a short discussion on these types of
issues with regard to GLMMs (see chapter 7). For our context, suppose we may
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6 D. K. Sewell

%

write the normal random variables A47;’s as
Ay = (B, X )0, j1 + (0,90 [i, j1 + sie + 7t + Eije,

where s;;, 1y, and E;j; are zero mean normal random variables (possibly correlated
in complex ways, though letting s;;,r; L E;;;Vi,j,t ). Then we have the following
proposition, the proof of which is given in Appendix 8.

Proposition.

P(4;; = 1|,0) = ® ( i) ) , (3)

V/Var(Eij) + Var(si + rj)

where ®(+) is the CDF of a standard normal distribution, and IE(Afj[) is given in
Equation (1).

Now consider the very simple example where we have

Sit \ iid 7, 0
()< (05 2))

and constant variance for the E;;’s. We can quickly see that should we
ignore simultaneous dependence, any attempts to estimate (f,0) would in fact
unintentionally lead to the attenuated estimation of (B, @) scaled by Var(E;j;)+15+1,.
For more general cases, when Var(s;; +rj;) is time dependent or dependent on the
actors i and j, it is unclear what, if anything, any naive estimates of (f, @) are actually
estimating.

2.4 Simultaneous and temporal autoregressive model

A middle ground between fully ignoring simultaneous dependence and using a
saturated covariance matrix X4, would be to assume that there ought to be some
connection with the covariance between two dyads and the actors that are incident
on those two dyads. This simple and intuitive idea will eventually lead us to a model
resembling the social relations model (Warner et al., 1979), having the form

Aj; = mean structure + sender effects + receiver effects + residuals

(the final form is given in Equation (10)). To get there, we begin by introducing the
following definition.

Definition. An n X n matrix A* has a role-based additive covariance structure if

Cov( ;j’ Ai/)

= i, k] + Z. [, 21 4 Zop [, 41 + Zgr [k, 1 + 0 L )=k )0t )y= 0]
+ 0 ()= 4)

where X, X,, and X are n X n covariance matrices that represents, respectively, the
covariance among the senders of the dyads, the receivers of the dyads, and between
the senders and the receivers, and where ¢ and o2 correspond to pair and dyad

variance, respectively.

A role-based additive covariance structure can be interpreted to mean that the
covariance between any two dyads (i, j) and (k,/) can be explained by how similar
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Simultaneous and temporal autoregressive network models 7

i and k are as senders, how similar j and / are as receivers, how i and / relate
to each other as sender and receiver, respectively, and similarly for k and j, the
variability due to reciprocated dyads, and the inherent variability between the
dyads.

The role-based additive covariance structure has a nice representation that
lends itself well to estimation. To demonstrate this, we provide the following
theorem.

Theorem. The following are equivalent.

L. The Aj;,’s are jointly normal with a role-based additive covariance structure and
mean given by Equation (1).

2. oty ~ N (veel(B.20) +(0.9)),
Jn®Zy+Z®J+1,0%: @1, +1, 0%, ®1,
+ O'lzzMR + (0'3 + 01%)1,12), (5)

where 1y is the k x 1 vector of 1's, Jx equals 1x1}, and Iy is the k X k identity
matrix, and where My is a matrix such that for 1 <i# j<n, MR[(j— 1)n+
i,(i—Dn—+jl=1and M,[/,m] = 0 everywhere else.

3047 = (B, X)) +(0,%,) + 5,1’ + 1r' + E,, where

S; iid Yo Xt
~ N 07 s
< ry ) ( ( z:;rt 2” )>

(Edli, j1, E: [, 1) % N (0,621 + o3J5). (6)

The proof is given in Appendix 8.

Unconstrained, the covariance structure of Equation (6) still has O(n?) parameters
to be estimated. The question then is how to appropriately, yet parsimoniously,
represent the covariance structure of (s;,r;). In response, we pose the following
question: if the features found in (A,_1,4;-3,...) can appropriately capture the
temporal dependence through the mean structure, may we not also capitalize on
the information stored in (4,1, A;_»,...) to estimate the simultaneous dependence
through the covariance structure? (This is similar in principle to ARCH models. See
Engle, 1982). We propose using an autoregressive model on the covariance structure
of (s;,r;) as well as on the mean structure of A;, so that Cov(.</,|./,_1, o/, ,...) Is
some function of (7,1, %7 »,...).

Specifically, we consider Cov(s;, r;) with the following structure:

K, K, Ky
o= g Tk Hgie X = § Tk H it ot = g Tk Mg (7)
k=1 k=1 k=1

where Ty, 7,4, and 7y, are positive valued parameters, Hgy,, H,, and Hgy, are
functions of (4;_,A4;-»,...), and Hg;, Hy, € S} for all k. Here, §'} denotes the
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8 D. K. Sewell

positive semi-definite (PSD) cone. Writing Cov(s;,r,) in this manner, i.e., as a linear
combination of PSD matrices, is similar in principle to covariance structures studied
for many decades (e.g., Anderson, 1973). Constructing the covariance matrices in this
manner allows us to use the data to represent complex simultaneous dependence,
while reducing the number of parameters from O(nz) to K; + K, + K.

Note that this does not automatically ensure that X4, € S"Z, and so some care
is still needed. To ensure that we have a valid covariance matrix, we constrain
K, < min{K,K,}, and for 1 <k < K, impose the constraint that

TocHgy  TokHgke (2n)
e s, ®)

’
Tsrk gy Trk H,y,

The structure found in Equation (7) allows us to further decompose s; and r; as

KY
- ind .
0= Sk S~ N0, 79 Hyq) tykHgke 1f1<k=K <K
k=1 Cov(skr, i) = _
K, 0 otherwise.
ind
re= ri P~ N0, T Hp) 9)
k=1

This then results in having our multivariate probit model with role-based additive
covariance structure represented as

K, K, !
4= (B2 4 (0.5 + (z) vt <z> VE.(0)
k=1 k=1

2.5 Broader context of sender [receiver effects

By first assuming an intuitive form for the covariance of the dyads, we are able to
arrive at a multivariate mixed effects probit model for the dynamic network, using
individual sender and receiver effects. The use of individual sender and receiver effects
has a long history in network analysis, starting with Warner et al. (1979). In nearly
all cases, the additive sender and receiver effects can be put within the framework
described above by setting K, = K, = Ky, = 1 and Hg, = H,;; = Hyg1 = I,
An important work using this is the p, model of Duijn et al. (2004). This work
was built off of the p; model of Holland & Leinhardt (1981), which was not
motivated by modeling an appropriate covariance structure. Latent space models
have incorporated additive sender/receiver effects as well, such as Hoff (2005) (which
also incorporated multiplicative effects), and Krivitsky et al. (2009).

The above-referenced works are all concerned with static networks.
Westveld & Hoff (2011) used the ideas of sender and receiver effects to model
the covariance of the data for dynamic networks. As with the others, they constrain
K, =K, =K, =1 and Hy, = H,;;, = Hyz, = I,, while also assuming AR
processes on the sender and receiver effects (and on the residuals). While there
is merit in this approach, we still prefer capturing the temporal dependency
through the observation-driven model. This is primarily because one may utilize
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Simultaneous and temporal autoregressive network models 9

specific network features, such as stability, reciprocity, transitivity, etc. to help
explain the temporal dependencies. In this way, one may argue that there is more
flexibility, and researchers can investigate the specific effects of various network
features.

The way in which we use sender and receiver effects here differs in two important
ways from previous uses. First, the constraints on the covariance matrix of the dyads
are relaxed to allow X4, to be dense, thus generalizing the way that researchers have
in the past used sender and receiver effects in their models. Second, we incorporate
past data to make the parameter space parsimonious. That is, a dense covariance
matrix with O(n*) unknowns can, by leveraging past information, be estimated using
K + K, + K, parameters. For an example of how we may do this in practice, see
Section 2.6.

2.6 An example of operationalization

One of the strengths of Equations (1) and (7) is the flexibility in choosing the
features of the previous adjacency matrices to be used in constructing the mean
and covariance functions. In this subsection, we provide an example, based on
sociological principles as well as previous research in statistical models for networks,
with the intention that researchers using the STAR model may use whatever network
features are most appropriate for their particular context.

Fortunately for the analyst looking at dynamic network data, there has been much
focus in the social science literature on the salient structures of networks. To quote
Wasserman & Faust (1994),

Many researchers have shown, using empirical studies, that social network data possess strong
deviations from randomness. ... data often fail to agree with predictions from [models with
assumptions, such as equal popularity, lack of transitivity, or no reciprocity].

Krackhardt & Handcock (2007) made note that it has long been argued that “the
triad, not the dyad, is the fundamental social unit that needs to be studied” (see
also Simmel & Wolff, 1950), which further emphasizes that transitivity is, to quote
Wasserman & Faust (1994) again, “indeed a compelling force in the organization of
social groups.”

These notions then motivate the construction of %,, the three-dimensional tensor
whose /th slice is denoted by %, as given in Table 1. We can categorize these
eight structures of the network in the following terms. ¥4, and ¥, correspond to
first-order structures, that is, features of the network that relate to individual actors
only. 43, and %4 correspond to second-order structures, that is, features of the
network that relate to dyads. ¥5, to %, correspond to third-order structures, that is,
features of the network that relate to triads. In particular, ¥s, to 47, correspond to
transitivity in the network, i.e., the probability that a transitive relation exists, while
%5, corresponds to a cycle, i.e., the probability that a three-cycle will be completed.
These last four structures are depicted visually in Figure 1, where we are considering
the probability of an edge from i to j and visualizing the transitive and cyclic triadic
relations involving the third actor k. One note regarding %, to %g, is that these
same features could of course be trivially extended to more than just a lag of 1
whenever appropriate.
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10 D. K. Sewell

Table 1. Example of how to construct %,, incorporating first-, second-, and third-order
structures.

(out degree) G, = A_1J, Greliy J1 = D12 Aik—1)

(in degree) G = JpAi1 Guli, J] = 252y Akjen
(stability) Gy = A1 Gyli, j1 = Aij(r—l)
(reciprocity) Gy =A,_, Gali, jl = Aji— 1)

(transitivity 1) G5 = Ar141 Gsli, j1 = Zk 1 lk(t l)Ak/(z 1)

(transitivity 2) G = A1 474 Yeili, J1 = Zk 1 Aike— 1) Jk(—1)

(transitivity 3) gﬂ = A;flAtfl gh [l, ]] Zk 1Ak1 1) kj(t—1)

(cycle) Gy = A, A;_, Gy i, j1 = Zk 1 Aki— 1 Ajk—1)
k 5 k

§ - >] b SRR 5] - 5]
(a) (b) (c) (d)

Fig. 1. Network structures which are being summed over k to determine the mean
of Ajj,. (a) Fs[i, j1. (b) el j1. (¢) Fali, j1. (d) Fseli, jl.

Intuitively, X5 and X,; ought to reflect how similar actors behave as senders and
receivers, respectively. We therefore suggest setting K, = K, =2, K. = 1, and

Hslt = Hrlt = Hsrlt = In
Hgo =D, A, 4, D2 (11)

out,(t—1) out,(t—1)°

Hp =D, 2 Ar_ AeiDy 2

in,(t—1) in,(t—1)>

where D,y —1y and Dy, ;1) are diagonal matrices whose diagonal entries are the
out-degrees and in-degrees of 4,1, respectively. The (i, j)-th entry of Hy, then is the
number of actors to whom both i and j sent edges scaled by the geometric mean of
the total number of actors to whom i and j each sent edges. In this manner, we are
capturing the intended notion of similarity between senders while enforcing Hyy, to
be PSD. In fact, Hy, is a valid correlation matrix. Similarly for H,, a note on the
practical implementation of this is that to avoid the possibility of dividing by zero
anywhere, in our analyses we set the diagonal of 4, to be 1 when computing Hy,
and H,,;. To ensure that the covariance of (s;,r;) is PSD, and hence the covariance
of .o/, is PSD, we constrain

Q= (T“ T”l) €S2 (12)

Tsrl Tr1

2.7 Undirected networks

The above proposed methodology has focused on directed dynamic networks.
Simplifying to an undirected dynamic network implies that Equations (4) and (5)
can be written
Cov( Ay, Agpe) = Zli k] + Zgt [, 1 + Zat[i, 4] + Zt [k, j1 + o1 (i jy=(k)
< Cov(e/)=J,®Z3 +24®J, +10Z, 01 +1'®T, @1+’ I.  (13)
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The estimation algorithm given in Section 3 can be adapted to the undirected case;
some of the details which are not obvious are given in Appendix 8. In the analysis
of Section 7.1, we set

—172 —1/2
Sy = tsHy, where Hy = D"JA_1A,1DY)] (14)
and D, is the diagonal matrix whose diagonal entries are the degrees of the actors
corresponding to 4, i.e., A,1. For autoregressive mean terms, we used

(degree) %y, = A, 1J, + JuAi1%ulis j1 = Ype; (Aike—1) + Ajr—1))
(stability)¥,, = A, Gli, j1 = Aije—1)
(triangle) 93, = A;_1 A4, Geli, j1 = D ey Aik—1) Aji(r—1)-

3 Variational Bayes estimation

From a Bayesian perspective, we would like to make posterior inference regarding
the mean parameters f and @ as well as the variance components 7y’s, 7,.’s, and
Tsk S- In what follows, we will assume the particular formulation given in Section 2.6.
Thus of interest is deriving (g, 0,Q, rsz,rrz,aﬁ{Az}zT:O). Note that just as with any
probit model, 62 is constrained to equal 1 for identifiability. We assign the following
priors on the model parameters.

(B.0') ~ N(0,diag(c},...,05,0,...,07)),
Ts2 ~ IG(asOy bsO)s
T2 IG(aVO» brO)a
Q ~ I W(ago, Bao),

o ~ IG(ago, bro),

where diag(c},...,05,03,...,07) is the (p1 + p2) X (p1 + p2) diagonal matrix whose
first p; diagonal entries are J§ and whose last p, diagonal entries are 3, 1 G(a, b) is
the inverse gamma distribution with shape parameter a and scale parameter b, and
IW(a,B) denotes the inverse Wishart distribution with degrees of freedom a and
scale matrix B.

Rather than implementing a computationally expensive MCMC algorithm, we
implement a mean field variational Bayes (VB) algorithm. This estimation technique
finds an approximation of the posterior distribution such that the Kullback—
Leibler divergence between this approximation and the true posterior distribution is
minimized. This minimization is done under the constraint that the approximated
posterior density is a product of densities corresponding to a partition of the
unknown model parameters. See, e.g., Gelman et al. (2004) (Chapter 13) for a brief
overview of variational methods.

While much faster than MCMC, one issue with the VB algorithm is a negative
bias of the variance components. In our analyses, we found that the bias was so
strong in % as to render the reciprocity effects negligible, which led to poorer
performance overall. To address this, first consider further data augmentation
via the n x n symmetric matrices of dyad-pair specific random effects R, such

that R.[i, jl = R[j,i] u N(0,0%). That is, we now have the equivalent form of
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Equation (10)

K, K, !
Ar = (B2, +(0,%,) + (Z sk,> 1 +1 <Z rk,) + R, + E,, (15)
k=1 k=1

where E is a matrix of iid normal random variables with zero mean and variance
2. To prohibit g% from shrinking to zero, we treat it as a hyperparameter for the
R;’s. While not ideal, this seemed to improve overall performance.

The specific form of the approximated posterior is

Tc(ﬂs 05 Ts2, Tr2, Qy Glz{a {A:}IT=13 {slh Fie, 821, "2[}[7;19 {RI}ZT=1 ‘{At}?:o)
~ q1(B,0)q2(2 T2 Qg3 ({1} =1 )qa {816 #1020 2} LD s (R} 1) (0 k).
(16)

This is an iterative scheme, in which we use the parameters from, say, ¢, to estimate
qm and vice versa. The closed-form solutions to the VB updates are given in
Appendix 8. The derivations for the sender and receiver effects are also provided, as
these are not straightforward due to the fact that the derivations must be taken with
respect to the distribution of A; o (J, —I,) rather than A;, as given in Equation (10).

The VB approach is quite fast and yields good point estimates. This comes at a
cost, however. VB algorithms may get stuck in local modes, and which local mode
one ends up in may be highly dependent on the starting values (see, e.g., Bickel et al.,
2013; Salter-Townshend & Murphy, 2013, for more detailed studies using variational
approaches). Additionally, by partitioning the parameters and forcing them to be
independent in the approximate posterior, the posterior probability regions are
typically much too concentrated. In our context, we found that a Gibbs sampler
obtained similar posterior means, though wider credible intervals. The MCMC
algorithm was simply too slow in practice for networks of medium to large size,
however.

4 Generalizing to weighted networks

In this section, we demonstrate how to generalize our approach to weighted networks
in which the dyads are not constrained to {0, 1}. We accomplish this by placing our
work within the framework of a GLMM. Most researchers, statisticians or not, are
familiar with GLMMs that are often the tool of choice for modeling dependent non-
Gaussian data. The general framework assumes that a function of the means of the
random variables are themselves correlated (typically Gaussian) random variables,
thus allowing researchers to control for the correlation among the data. Specifically,
for some response vector y, covariate matrix X, random variables y, and design
matrix Z, we write

¢(Ew)) = XB+2y. (17)

(Note that the notation in Equation (17) is not linked to anything previously given,
but is rather a general form for a GLMM).

Up to this point, we have assumed a probit model, as this was a natural approach

to dealing with complex dependencies in binary data. This is equivalent to a GLMM

using the normal inverse cumulative distribution function as the link function g.
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Placing our proposed methods within the GLMM framework allows us to use other
link functions such as a logit() for logistic regression, as well as allowing us to
model other types of non-Gaussian data; e.g., should our network data be count,
as is often the case, we may use a log link corresponding to a Poisson or Negative
Binomial family of distributions. Countless texts describe these models, and in fact
GLMMs are so prevalent that many fields have books or articles demonstrating
how to apply GLMMs to their specific subject area (e.g., Bolker et al., 2009; Gbur,
2012; Krueger & Montgomery, 2014; Bharadwaj, 2016).

We wish to maintain the covariance structures detailed in Section 2.4, and in
particular that implied by Equation (15) but generalize it to other link functions
and other data types. This can be done by setting

¢ (Bl i1t 2,

= (vec (X)), vee (Xa)..., vee (1), vee (9a0)...) (§) + Zv,
Z=(1,.0Z 1, ®Z Zu),
V=S e sa Fe o A (18)

where %, contains the lower triangular elements of R, (ie., #Z, = (Rai, R3tp,---»
Ryi—1))), and where vec (M) for some n x n square matrix M is the standard
vec(M), while omitting the diagonals; hence vec (M) will be an n(n — 1) x 1 vector.
To construct Z;, we may stack I, 1., In(—2), ..., and I, to form a n(n — 1) x n
matrix, where I, ;. is the n X n identity matrix with the ith row removed. Z, is
simply I, ® 1,_1. Constructing the n(n — 1) x n(n — 1)/2 matrix Z,.. is perhaps the
most involved, but can be accomplished by the following pseudocode:
Set all elements of Z,.. to 0.

forie {1,2,...,n} do
for j € {1,2,...,n} \ido
if i>jthenc=n(j—1)— 1 ielsec=n(i—1)— "3 4
ZI'L)L’ [r’ C] <« 1
end

end

By placing our methods within the GLMM framework, we provide an easy way
to handle a wide range of data types as well as overdispersion.

5 Evidence of simultaneous dependence

We now begin to address determining whether or not simultaneous dependence
exists. Just as with mixed models, we could check the intraclass correlation between
the pairs of residuals E,;[i, j] and E,[j,i] to evaluate the importance of simultaneous

reciprocity. That is, estimate

2
OR

2 1 :
or t+
The issue is not so straighforward for the other types of simultaneous dependence.

Consider the case where the variance of 4j; does not depend on the actors i and

(19)
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14 D. K. Sewell

j nor the time ¢, the off diagonals of Hyy are O for all k, and the Hy’s and H,;’s
have been scaled such that the diagonal entries are 1 (as is true in our example of
Section 2.6). Then analogously to Equation (19), one may consider the vector

V/(V/]l) where v= (TSI: Ts2s+ o5 TsKys Trls o5 TrK,» 012{7 1) (20)

Though Equation (20) appears similar to a vector of intraclass correlations,
these two things are in fact not comparable. Equation (20) is only a
ratio of variance components, while Equation (19) is a veritable correlation.
In the context of a directed network, there are seven correlations
we could consider: Cor(Aj,, Ag,), Cor(Aj, Ay,), Cor(Aj, Ai,), Cor(Ay,, Ay,
Cor(Aj;, Aj;).Cor(Aj;, Ajyy), and Cor(Ajy,, A3,). Moreover, these seven correlations
very well may differ based on which actors we are considering! Instead, we present a
visualization method that may be used to assess the evidence regarding the existence
and impact of simultaneous dependence.

The main idea is that we would like to evaluate how much of our posterior
distributions of ({skt}k’(;l, {rk,}f;l), t=1,..., T, are located within some small ball
around zero. If there is no simultaneous dependence, then we would expect the
posterior distributions to reflect this in having most of their mass near zero. Hence,
we are concerned with

Per 5:/ dF ({skf}kKil’{rkY}l{il | {Ar}zT:1>
B,
= (I es koo ) < €| {AG L), 1)

where 4. represents the ball around zero of radius e. This probability is very easily
and accurately estimated using a Monte Carlo approximation using draws from
q4. We can then plot 2., vs. € to obtain a visualization of the magnitude of our
individual effects at each time point.

Our estimate of this high-dimensional posterior distribution, g4, has the surprising
characteristic that most of the probability mass lies within a thin shell far from the
posterior mean (intuitively, this is because the volume of %. grows exponentially
with n). Therefore, we need some comparison for the #.,’s. It may be helpful to
compare the posterior for [|(s},,...,8k /.-, rk,)| with the distribution of the

magnitude of a N(0, %I,«Kﬁ&)) random variable for some p € (0,1). The
distribution of this comparative random variable arises from letting the ratio of
variances in Equation (20) sum to a proportion p for these simultaneous dependence
terms (and letting each of the K + K, terms contribute equally); that is, what does
the distribution of [(s,,...,8k ;»¥.- .-, ¥k, look like if simultaneous dependence
accounts for p(100)% of the variance of the A;;’s compared with the inherent noise?
Though there well may be better comparative distributions, what we have described
provides a reasonable frame of reference by which we may evaluate the strength
of the evidence of simultaneous dependence as given by the posterior distribution
for the sender and receiver effects. By looking at the visualization rather than just
the ratio of variance components, we do not throw away the effects of the off-
diagonal elements of the covariance matrices X, and X,; nor the entirety of X,

when evaluating the evidence of the existence of simultaneous dependence.
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Fig. 2. Empirical example of the visualization of the existence of simultaneous

dependence. The horizontal axis corresponds to the e radius of a ball %, about
zero, and the vertical axis is Z... Each solid line corresponds to a time point
(T = 10), and the dotted lines correspond to the comparative random variable
having proportion of variance attributable to simultaneous dependence of, from left
to right, p = 0.05,0.1,0.15,0.2,0.25,0.3. The left panel corresponds to data generated

with simultaneous dependence and the right panel without.

The distribution of the magnitude of the comparative random variable can be
evaluated in the following way. Let x ~ N,(0,0°1,) (e.g., 6> = p(cx+1)/(1—p)(Ks+
K,))). Then, let Y2 := x'x/6> ~ y*(n). Then Y ~ y(n) and thus

_ e p(n/2,(e/0)*/2)
P(lx| <e)=P(Y < E)_ W’ (22)

where y(-,-) is the lower incomplete gamma function. Using this we can directly
compute Z. corresponding to this comparative random variable.

Figure 2 provides an empirical demonstration of the proposed visualization
technique using the results from an arbitrarily chosen simulated data set as described
in Section 6; note that we used the variance of the estimated R,’s as a proxy for
c%. The left panel corresponds to data generated with simultaneous dependence and
the right panel without. The solid lines correspond to the individual effects at a
particular time point, and the dotted lines correspond to the comparative noise for

p € {0.05,0.1,0.15,0.2,0.25,0.3}.

6 Simulation study

We performed a simulation study in order to investigate two things. First, what is
the effect of ignoring simultaneous dependence when it exists? Second, what is the
effect of modeling simultaneous dependence when it does not exist? Specifically, we
wish to investigate the effects on the mean parameters, as these will typically be the
parameters of interest to the researcher. To this end, we simulated 100 network data
sets where there was simultaneous dependence and 100 without such dependencies.
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Fig. 3. Posterior means of (a) p and (b) 0 from analyzing the simulated
data sets described in Section 6. Note that 6; and 64 have been scaled
by 1/10 for visualization purposes. Horizontal dotted lines indicate true
values of the parameters; the true B equals (—2.5,0.5,—2), and the true 0
equals (0.0075,0.0075,0.75,0.75,0.025,0.025,0.025, —0.05). Lightly shaded boxplots
correspond to accounting for simultaneous dependence in the model; dark shaded
boxplots correspond to ignoring the simultaneous dependence.

For each of these 200 data sets, we fit two models, one accounting for and the other
ignoring these dependencies.

Each simulated data set had n = 100 and T = 10. We incorporated two covariates
as well as an intercept (i, py = 3). The first dyadic covariate was a binary
variable taking values 0 or 1 with equal probability; this covariate was treated as
constant over time. The second covariate was constructed by first simulating n AR(1)
processes with autoregressive coefficient equal to 0.9 and transition variance equal
to 0.05, and then at each time point taking the distance between the corresponding
cross-sectional views of the AR(1) time series. The coefficients were then set to be
p = (—2.5,0.5,—2) for the intercept, first covariate, and second covariate, respectively.
We set 8 = (0.0075,0.0075,0.75,0.75,0.025,0.025,0.025,—0.05), corresponding to
Y1, .., Ys,, respectively, where the 4,,’s are as given in Section 2.6. Note that 63 and
04 needed to be on different scales, as these were the only coeflicients corresponding
to network structures taking values in {0,1} rather than {0,1,...,n — 1}. For the
simulations with simultaneous dependence, we set 1, = 0.2, 7,, = 0.1, the diagonal
of Q to be (0.25,0.5), the off-diagonals of Q equal to 0.1, and ¢% = 0.5.

The results are given graphically in Figure 3. Figure 3(a) shows the boxplots of the
estimates of the 3 x 1 vector B. The columns correspond to the true model, and the
shade of the boxplots corresponds to whether or not simultaneous dependence was
accounted for. From this, we see that in the presence of simultaneous dependence,
our proposed approach does a much better job at estimating the true values of f
than when the simultaneous dependence is ignored. In the absence of simultaneous
dependence, with the exception of the intercept (arguably of little importance in
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most research settings) our proposed approach performs very comparably to the
models that ignore simultaneous dependence. We can reach the same conclusions
looking at Figure 3(b), which gives the boxplots of the estimates of the 8 x 1 vector 6.

In summary, accounting for simultaneous dependence in the model is extremely
important in obtaining more accurate estimates of the coefficients in the mean
function, and doing so even in the absence of simultaneous dependence does not
seem to do much harm in the estimation. If concerns persist, one may perform the
visualization described previously, as seen in Figure 2, to determine whether or not
to include simultaneous dependence in the final model.

7 Data analyses

We now look at two real data sets with the intent of illustrating how our approach
can be implemented in practice both for directed and undirected data. In the last
example, we illustrate the change in impact from simultaneous dependence as the
time intervals vary from fine to coarse.

7.1 Conference proximity network

We first look at a proximity network taken from conference goers at The Last Hope
Conference, collected and made available by the OpenAMD Project (OpenAMD,
2008). The 2008 conference goers had the option to wear an RFID badge, which
tracked their movements throughout the conference. Thus, we are able to construct
a proximity network, connecting two actors if they spent time close to one another.
This type of network is quite important in, e.g., infectious disease (Vanhems et al.,
2013) and the study of human behavior and organization (Eagle & Pentland, 2006).
Our undirected network data consisted of 1,190 actors over 29 hours (i.e., T = 29).
We set A;j(= Aji;) to be 1 if actors i and j visited the same location during the tth
hour.

Figure 4(a) shows the evidence of simultaneous dependence. From this plot, we see
that there is very strong evidence of such dependencies even though the time intervals
are rather fine (1 hour). Figure 4(b) shows the posterior means for the autoregressive
terms when ignoring simultaneous dependence (dark gray) and when accounting for
it (light gray). Notice that the estimates are, with the exception of stability, quite
different; indeed, ignoring simultaneous dependence leads to a negative estimate
for the effect of triangles, which seems very unlikely given previous work done on
structural balance theory.

7.2 World trade data

The second data set that we consider here is that of a world trade network. We let
A;j; be 1 if country i exports to country j at time ¢. This data were collected from
the Correlates of War Project (Barbieri & Keshk, 2012; Barbieri et al., 2009). Along
with the export/import data, we used as covariates religious makeup of a country
(Maoz & Henderson, 2013), defense pacts, neutrality pacts, non-aggression pacts,
and ententes (Gibler, 2009). We analyze this data in two ways. First, we focus on a
larger number of countries that exist over recent years. We then look at a smaller
subset of countries that all exist over a longer period of time and look at how the
evidence for simultaneous dependence changes as the time intervals get coarser.
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Fig. 4. Results from the AMD proximity network data. (a) Plot of 2., vs. e.
Each solid curve corresponds to the individual effects from a particular time
point. The dotted lines correspond to the comparative random variable setting
p = 0.05,0.1,0.15,0.2,0.25,0.3. See Section 5 for details. (b) Posterior means for the
coefficients of 6. Dark gray indicates ignoring simultaneous dependence, while light
gray indicates accounting for this dependence in the model.

7.2.1 179 nations from 1993 to 2009

We consider all countries that exist and are involved in trade on an annual basis over
the period from 1993 to 2009. For each of these countries, we have the measurements
of the proportion of their population that belongs to each of the main world religions
and the sub-branches of these religions (a total of 30 categories). These measurements
only occur once every 5 years, which we interpolated to construct annual religious
data. We then constructed the dyadic covariates by taking the Hellinger distance of
two multinomial distributions whose probability vectors equal those nations’ vector
of proportions of religious adherents. Letting p; be the 30 x 1 vector of the ith
nation’s proportion of religious adherents, this is equivalent to setting the dyadic

covariate between i and j equal to \/ 1 —ngl \/lTp]t, The four types of pacts
each were simply binary variables indicating whether or not countries i and j were
engaged in such a pact during year t.

Figure 5(a) depicts the evidence of simultaneous dependence. From this, we see
that we there is evidence of non-negligible simultaneous dependence, though much
less so than in the AMD network data. Figure 5(b) shows the posterior means for
the covariates and Figure 5(c) shows the same for the autoregressive terms, where
again dark gray indicates ignoring simultaneous dependence and light gray indicates
accounting for it in the model. As is consistent with the simulation results, when
there is weaker simultaneous dependence in the data, these estimates are more in
agreement. There are still some differences, mostly manifested in the attenuation of
the estimates as well as more dramatic differences in the triadic effects.
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Fig. 5. Results from the world trade network data. (a) Plot of 2., vs. e
Each curve corresponds to the random effects from a particular time point.
The dotted lines correspond to the comparative random variable setting p =
0.05,0.1,0.15,0.2,0.25,0.3. See Section 5 for details. (b) Posterior means of the
covariates (f). Dark gray indicates ignoring simultaneous dependence, while
light gray indicates accounting for this dependence in the model. (c) Posterior
means of the autoregressive terms (0). Dark gray indicates ignoring simultaneous
dependence, while light gray indicates accounting for this dependence in the
model.

7.2.2 Evaluating the effect of the time interval on simultaneous dependence

As we have just seen, even at annual increments we see the presence of simultaneous
dependence. We now show how this presence increases as the time intervals become
coarser. We now consider the time interval from 1900 to 2000. This naturally
diminishes the number of nations that exist during the entirety of the specified time
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Fig. 6. World trade data: Plots of Z.; vs. e. Each curve corresponds to the random
effects from a particular time point. The dotted lines in each figure correspond to the
comparative random variable setting p = 0.05,0.1,0.15,0.2,0.25,0.3. See Section 5 for
details. Coarser time intervals lead to stronger evidence of simultaneous dependence.
(a) Annual. (b) Every 5 years. (c) Every 10 years. (d) Every 20 years. (e) Every 25
years.

interval, and we are left with 28 nations. We apply our model to these 28 nations
looking at every year, every 5 years, every 10 years, every 20 years, and every 25
years. Intuition (as well as previous work by Lerner et al., 2013) tells us that the
simultaneous dependence should grow as the time interval becomes larger, and in
fact this is what we see.

Figure 6 gives the evidence of the simultaneous dependence for the five data
sets. We can see that simultaneous dependence increases with the coarseness of the
time interval, as shown by the increasing trend for the location of the thin shell of
posterior probability mass for the individual effects. To corroborate this, we also
implemented the TERGM model on the five different data sets (collected every 1,
5, 10, 20, and 25 years). To capture the simultaneous dependencies, we included as
ERGM terms the counts of reciprocated ties, transitive triangles, and three-cycles.
Figure 7 shows the trends of these parameter estimates for the five data sets, where
the values for each parameter have been normalized by the corresponding parameter
value from the 25 year interval data. We see that the strength of the effect sizes
increase as the time between observations increases (we actually show the negative
of the three-cycle coefficients for visual clarity), thus corroborating our finding that
the simultaneous dependence does in fact increase.
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1 5 10 20 25

Fig. 7. TERGM coefficient estimates for reciprocity (solid), transitive triples (dotted),
and cyclic triples (dash-dot) (negative coefficients given for the cyclic triples).
Horizontal axis corresponds to the spacing of observations for the data set used.
The increasing trend in the strength of the effect sizes corroborates our finding of
increasing simultaneous dependence.

8 Discussion

In this paper, we have adapted the dynamic logistic network regression model
of Almquist & Butts (2013) by introducing a framework for capturing not
only temporal dependencies through an autoregressive mean structure but also
simultancous dependence through an autoregressive covariance structure. We
demonstrated that ignoring simultaneous dependence leads to negative inferential
consequences. The methods outlined here account for both complex temporal and
simultaneous dependencies in a parsimonious way, while keeping within a familiar
framework.

Like many other statistical models for network data, scalability is an issue for
all but very simple simultaneous dependence structures. While the VB estimation
method proposed for the STAR model is quick for small to medium data sets, the
requirement to invert large covariance matrices prohibits this methodology in its
current state from being scaled up to extremely large networks.

We have also described how our work may be placed within the familiar GLMM
framework. While it is beyond the scope of this paper to thoroughly discuss
model selection problems involving, e.g., covariance structures or link functions,
it is the author’s hope that previous and ongoing GLM and GLMM research (e.g.,
Chen & Tsurumi, 2010) can be used to build upon the proposed work in this area.
Further, while we have shown practical operationalizations of the proposed method
for binary data in Section 2.6, we leave it for future work to describe the specifics
of sophisticated covariance structures (ie., H.;’s that are more complicated than I,)
for other data types.

Other future work that would be valuable to the network analysis community
would be to provide a thorough comparison of the available methods for discrete
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temporal network data, such as the proposed approach, TERGM (Hanneke et al.,
2010) and STERGM (Krivitsky & Handcock, 2014), latent space models for
dynamic networks (Durante & Dunson, 2014; Sewell & Chen, 2015), and dynamic
stochastic blockmodels (Xing et al., 2010). It would be important to know which
method ought to be used in various contexts, and under what circumstances the
conclusions from these models might differ.

References

Airoldi, E. M, Fienberg, S. E., & Xing, E. P. (2008). Mixed membership stochastic blockmodels.
Journal of Machine Learning Research, 9, 1981-2014.

Almquist, Z. W., & Butts, C. T. (2013). Dynamic network logistic regression: A logistic choice
analysis of inter-and intra-group blog citation dynamics in the 2004 us presidential election.
Political Analysis, 21(4), 430-448.

Almquist, Z. W., & Butts, C. T. (2014). Logistic network regression for scalable analysis of
networks with joint edge/vertex dynamics. Sociological Methodology, 44(1), 273-321.

Anderson, T. W. (1973). Asymptotically efficient estimation of covariance matrices with linear
structure. The Annals of Statistics, 1(1), 135-141.

Barbieri, K., & Keshk, O. (2012). Correlates of war project trade data set codebook, version
3.0. Retrieved April 29, 2015, from http://correlatesofwar.org.

Barbieri, K., Keshk, O. M. G., & Pollins, B. M. (2009). Trading data: Evaluating our
assumptions and coding rules. Conflict Management and Peace Science, 26(5), 471-491.

Bharadwaj, H. M. (2016). Generalized linear mixed models in hearing science. The Journal of
the Acoustical Society of America, 139(4), 2101-2101.

Bickel, P, Choi, D., Chang, X., & Zhang, H. (2013). Asymptotic normality of maximum
likelihood and its variational approximation for stochastic blockmodels. The Annals of
Statistics, 41(4), 1922-1943.

Bolker, B. M., Brooks, M. E., Clark, C. J., Geange, S. W., Poulsen, J. R., Stevens, M. H. H., &
White, J.-S. S. (2009). Generalized linear mixed models: A practical guide for ecology and
evolution. Trends in Ecology & Evolution, 24(3), 127-135.

Chen, G., & Tsurumi, H. (2010). Probit and logit model selection. Communications in Statistics,
40(1), 159-175.

Cox, D. R. (1981). Statistical analysis of time series: Some recent developments. Scandinavian
Journal of Statistics, 8(2), 93-115.

Demidenko, E. (2013). Mixed models: theory and applications with R. Hoboken, NJ: John
Wiley & Sons.

Duijn, M. A. J, Snijders, T. A. B,, & Zijlstra, B. J. H. (2004). p2: A random effects model
with covariates for directed graphs. Statistica Neerlandica, 58(2), 234-254.

Durante, D., & Dunson, D. B. (2014). Nonparametric bayes dynamic modelling of relational
data. Biometrika, 101(4), 125-138.

Eagle, N., & Pentland, A. (2006). Reality mining: Sensing complex social systems. Personal
and Ubiquitous Computing, 10(4), 255-268.

Engle, R. F. (1982). Autoregressive conditional heteroscedasticity with estimates of the variance
of United Kingdom inflation. Econometrica, 50(4), 987-1007.

Frank, O., & Strauss, D. (1986). Markov graphs. Journal of the American Statistical Association,
81(395), 832-842.

Gbur, E. (2012). Analysis of generalized linear mixed models in the agricultural and natural
resources sciences. Madison, WI: Soil Science Society of America.

Gelman, A., Carlin, J. B., Stern, H. S., Dunson, D. B., Vehtari, A., & Rubin, D. B. (2004).
Bayesian data analysis (3rd ed.). Boca Raton, USA: Chapman & Hall/CRC.

Gibler, D. M. (2009). International military alliances, 1648-2008. Washington, DC: CQ Press.

Handcock, M. S., Raftery, A. E., & Tantrum, J. M. (2007). Model-based clustering for social
networks. Journal of the Royal Statistical Society, Series A, 170(2), 301-354.



705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759

Simultaneous and temporal autoregressive network models 23

Hanneke, S., Fu, W., & Xing, E. P. (2010). Discrete temporal models of social networks.
Electronic Journal of Statistics, 4, 585-605.

Hoff, P. D. (2005). Bilinear mixed-effects models for dyadic data. Journal of the American
Statistical Association, 100(469), 286-295.

Hoff, P. D., Raftery, A. E., & Handcock, M. S. (2002). Latent space approaches to social
network analysis. Journal of the American Statistical Association, 97(460), 1090-1098.

Holland, P. W., & Leinhardt, S. (1977). A dynamic model for social networks. Journal of
Mathematical Sociology, 5(1), 5-20.

Holland, P. W., & Leinhardt, S. (1981). An exponential family of probability distributions for
directed graphs. Journal of the American Statistical Association, 76(373), 33-50.

Holland, P. W., Laskey, K. B., & Leinhardt, S. (1983). Stochastic blockmodels: First steps.
Social Networks, 5(2), 109-137.

Hummel, R. M., Hunter, D. R., & Handcock, M. S. (2012). Improving simulation-based
algorithms for fitting ERGMS. Journal of Computational and Graphical Statistics, 21(4),
920-939.

Jin, I. H., & Liang, F. (2013). Fitting social network models using varying truncation stochastic
approximation mcmc algorithm. Journal of Computational and Graphical Statistics, 22(4),
927-952.

Krackhardt, D., & Handcock, M. S. (2007). Heider vs simmel: Emergent features in dynamic
structures. In E. M. Airoldi, D. M. Blei, S. E. Fienberg, A. Goldenberg, E. P. Xing,
& A. X. Zheng (Eds.), Statistical network analysis: Models, issues, and new directions,
ICML 2006 Workshop on Statistical Network Analysis (pp. 14-27). Pittsburgh, PA:
Springer.

Krivitsky, P. N., & Handcock, M. S. (2014). A separable model for dynamic networks. Journal
of the Royal Statistical Society, Series B, 76(1), 29-46.

Krivitsky, P. N., Handcock, M. S., Raftery, A. E., & Hoff, P. D. (2009). Representing degree
distributions, clustering, and homophily in social networks with latent cluster random
effects models. Social Networks, 31(3), 204-213.

Krueger, D. C,, & Montgomery, D. C. (2014). Modeling and analyzing semiconductor yield
with generalized linear mixed models. Applied Stochastic Models in Business & Industry,
30(6), 691-707.

Leenders, R. Th. A. J. (1995). Models for network dynamics: A markovian framework. The
Journal of Mathematical Sociology, 20(1), 1-21.

Lerner, J., Indlekofer, N., Nick, B., & Brandes, U. (2013). Conditional independence in
dynamic networks. Journal of Mathematical Psychology, 57(6), 275-283.

Maoz, Z., & Henderson, E. A. (2013). The world religion dataset, 1945-2010: Logic, estimates,
and trends. International Interactions, 39(3), 265-291.

Okabayashi, S. (2011). Parameter estimation in social network models. Ph.D. thesis. University
of Minnesota, Minneapolis, MN.

OpenAMD. (2008). AMD hope RFID data. Retrieved September 21, 2015, from
http://networkdata.ics.uci.edu/data.php?d=amdhope.

Raftery, A. E., Niu, X., Hoff, P. D., & Yeung, K. Y. (2012). Fast inference for the latent space
network model using a case-control approximate likelihood. Journal of Computational and
Graphical Statistics, 21(4), 901-919.

Ripley, R., Boitmanis, K., & Snijders, T. A. B. (2013). Rsiena: Siena — Simulation investigation
for empirical network analysis. R package version 1.1-232.

Robins, G., & Pattison, P. (2001). Random graph models for temporal processes in social
networks. Journal of Mathematical Sociology, 25(1), 5-41.

Salter-Townshend, M., & Murphy, T. B. (2013). Variational bayesian inference for the latent
position cluster model for network data. Computational Statistics & Data Analysis, 57(1),
661-671.

Sarkar, P., & Moore, A. W. (2005). Dynamic social network analysis using latent space models.
ACM SIGKDD Explorations Newsletter, 7(2), 31-40.

Sewell, D. K., & Chen, Y. (2015). Latent space models for dynamic networks. Journal of the
American Statistical Association, 110(512), 1646—-1657.



760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
771
778
779
780
781
782
783
784
785
786

787

788
789
790
791
792
793
794
795

796

797

24 D. K. Sewell

Shephard, N. (1995). Generalized linear autoregressions. Economics Papers 8. Economics
Group, Nuffield College, University of Oxford.

Simmel, G., & Wolff, K. H. (1950). The sociology of Georg Simmel. vol. 92892. New York,
NY: Simon and Schuster.

Snijders, T. A. B. (1996). Stochastic actor-oriented models for network change. Journal of
Mathematical Sociology, 21(1-2), 149-172.

Snijders, T. A. B., & Nowicki, K. (1997). Estimation and prediction for stochastic blockmodels
for graphs with latent block structure. Journal of Classification, 14(1), 75-100.

Vanhems, P, Barrat, A., Cattuto, C., Pinton, J.-F.,, Khanafer, N., Régis, C., ... Voirin, N.
(2013). Estimating potential infection transmission routes in hospital wards using wearable
proximity sensors. PLoS One, 8(9), €73970.

Wang, Y. J., & Wong, G. Y. (1987). Stochastic blockmodels for directed graphs. Journal of
the American Statistical Association, 82, 8—19.

Warner, R. M., Kenny, D. A, & Stoto, M. (1979). A new round robin analysis of variance
for social interaction data. Journal of Personality and Social Psychology, 37(10), 1742—
1757.

Wasserman, S. (1980). Analyzing social networks as stochastic processes. Journal of the
American Statistical Association, 75(370), 280-294.

Wasserman, S., & Faust, K. (1994). Social network analysis: methods and applications. New
York, NY: Cambridge University Press.

Westveld, A. H., & Hoff, P. D. (2011). A mixed effects model for longitudinal relational and
network data, with applications to international trade and conflict. The Annals of Applied
Statistics, 5(2A), 843-872.

Xing, E. P, Fu, W, & Song, L. (2010). A state-space mixed membership blockmodel for
dynamic network tomography. The Annals of Applied Statistics, 4(2), 535-566.

Zeger, S. L., & Qagqish, B. (1988). Markov regression models for time series: A quasi-likelihood
approach. Biometrics, 44(4), 1019-1031.

Appendix A: Closed-form updates for VB

Before giving the closed form of the g’s, let us first provide a little notation that will
be used. Let I~ = J, — I, i.e., the matrix of ones with zeros on the diagonal. Let
tr(A) be the trace of some square matrix A. For a matrix X, let X; ;) denote the 2 x 2
submatrix obtained from the ith and jth rows and columns. Let .«/; denote vec (4} ).
Let trN(u,X) be the truncated normal; we will not add any notation specifying the
varying domain as this should be obvious in our context from the data, which 4},
are restricted to the positive reals and which to the negative reals. Finally, let X,
denote the n(n — 1) X (p; + p2) matrix such that

X, = (vec (X1),..., vee (Xp,) ,vec(91r),...,vec (9py)).
Result 1. ql(ﬂao) Z N(”nvzm)’ where

x,! = diag(1/0}.....1/05.1/05.....1/07) + > _ XX,

t=1

T
Hy = L (Z XZI(MAr - Veci((”slt + ”szt)]l/) - Veci(]l(”rlt + ”rzt)/) - VGC(MR[))> :
t=1
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Result 2. ¢>(t5,7,2,Q) z 1 G(as, bs)I G(a,, b, )] W (aq, Bo) where

as =apn+nT/2 by = by + % 2;1 tr Srt(s ) + ﬂ52szt B,
a, = apy +nT /2 b, = by + % Zthl tr(zsrt(r)H:z )+ .urzszr Byt
ag = ago +nT Bo = Bgo + thl 27:1 [Esrt(sr)(i,n-&-i) + (ﬂslzi: ﬂrlzi),(ﬂsl tis ”rm‘) s

is,.,(s) is the first n rows and first n columns of im, im(,.) is the second n rows and
second n columns of Xy, and Ty is the last (2n) rows and (2n) columns of Zg..

Result 3. ¢3({<7;}L)) Z [1Z, trN(M,, 1) where

My, = X, + vee (i, + my,)1") + vec (1(my,, + #,,,)') + vee (Mg,) .

Result 4. q4({s1,r1e, 50002} ) = [[_| N ((ﬂ;m By By by s Zm), where
0

0

1 -
0 ®m—1)I,+ ®l1
1

1
0
1
0
aQBQ ®I, 0
Z—:H;l} 0
0 FHy

(rev -vec™ (MAZ Xtym

—_ O =

S = O =
—_ o = O
S = O =

Hat <rev-vec (MAr X,ym) —MRr> 1
:ur]t = isrt )

Mgyt (rev -vec” ( Xtym) — Mg )1

nul‘zl /
rev-vec: (MA, Xt,um> — Mg, |1

and rev-vecT(+) is the matrix (with zero diagonal elements) constructed by reversing
the vec<(*) operator.

Derivation:
We first provide some preliminary results:

1. For some n x 1 vectors a; and ay, tr(D, 171" D,,) = (n — 1)aja,, where D,
denotes a diagonal matrix whose entries are a.

2. For some n X n matrix A4, tr(I"Dy(AoI7)) =a'(4oI7)1.

3. tr(I"Dg, I~ D,,) = ajIa,.

Also note that since vec(A4) vec(4) = vec(Aol ) vec(Adol~) = tr((Aol ) (Aol")), we
may consider the conditional probability of .o7,|sy,, 1, $2:#2, - as proportional (with
respect to the sender and receiver effects) to the matrix normal distribution kernel
of A7 oI".
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817 Letting A, = (A — (B, %) + (0,%,)) o I, we have, dropping the subscript t,
log(n(A"[s1,71,52,F2,°))
1 ~
= const — Etr [(A—Dyl~ —Dgol™ —1 Dy —I D)
X (A —Dgl~ —Dgpl~ —I1 Dy — 1 Dyy)]
1 ~
= const — St [I"Dg DI~ —2I Dy A+ 21 DDyl + 21 Dyl Dy
+2I Dyl D,y —2I DA+ 1 DDl + 21 Dol Dy + 21 Dol Dy
+DpI 1Dy + 2D 1 Dyy + Dol 17 Dyy — 2D, 17 A — 2D,0 4]
1 ~ ~
= const — 5 [(n— 1)sys1 — 251 AL + 2(n — 1)sy52 + 2511y + 2511 1, — 255A1
+(n—1)shsy + 2551 r1 + 2551 ra+ (n— V)riry + 2(n — Drira + (n — V)rhr,
—2rA'1 —2rhA'1].

818 Combining the expected value of this under g with IE,(log(r(s1,, 11, 821, 21752, T2, 2,
819 A;—1))) yields Result 4. O
820 Result 5. gs((R} L) Z [1, [T, N(Mg[i. /1. 5%) where

Mg, [i, j] = 51%(;11‘]': + Zjit)a
s _ _ br/ar
R 1 +2bR/aR’

Aije = rev—Vec‘(MA[ - X t”m) [, J1 — mg, (1] — py 1] — e, ] — py ]

821 For the purposes of computing the parameters for the other q’s, assume for i < j that
822 Mg, [j,i] = Mg, [i, j].
823 Result 6. g5(c3%) 2 I1G (ag,bgr) where
Tn(n—1)
aR = aro + ————
4
1 ~2 a2
br=bro+5) > (Fr+ My [i. jI°)
toi<j
824 Result 7. For the undirected case, qa({s;}L,) = H,T:1 N(g,, T.), where

py =S JB(A7 o I)1

< as .
==, +1 + b—‘Hsz1
N

825 Derivation: Define I* as the square matrix with ones on the upper triangle and zero
826 everywhere else (the diagonal is also zero). As before, it is helpful to provide some
827 preliminary results:
828 1. For some n x 1 vector a, tr(D,(I*1*" +1*'1*)a) = (n — 1)a’a.
829 2. For some n X n matrix A,

tr(Da(A'T* + AI*")) = tr(D]"A) = a' (Ao I)1.
830 3. 2-tr(DJ*' DaI) = a'la.
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To show this last, note that the ith diagonal of D,I*'D,I* = Z] 11 a;a;, and
hence the trace equals Y ., Z;;ll a;a; = a'I*’a = a'I“a. This then implies that
2-tr(Dd”' DyI®) = a'I*"a+a'[%a = a'la.
Let A, = (A] — (B, %) — (0,%,)) o I*. Then we have, dropping the subscript t,
log(n(4;|s))

1 ~ ~
= const — S [(A—DyI* —I1*Dy) (A — D" —1°Dy)]

1 ~ A
= const — St [Dy(I°1*" +I*'1*)Dy + 2D *'DyI* — 2Dy(A'T* + AI*)]

1 1
const — - [s’ ((n DI+ + —H;1>s _ 254" o 1)]1] .
2 Ty

Combining the expected value of this under g with IE,(log(n(s,|ts, Ai—1))) yields
Result 7. O

Appendix B: Proofs
B.1 Proposition of Section 2.3

Proof. Letting m;j; = (B, Z+) +(0,%,)[i,j] and V = Var(s; +r;j;), we have
Py = 116,0) = ( Aiilsic + 7 8.0)18.0)
S!t+rj[+mlj[ B.0
Var(E,j,)
0 ”n“]r*’”x}r 1 1
- JVar(Eij) 7& ”n /1 d
= Zd(si +r
| 5¢ 5y ¢ (Sic +7jt)
Var(Ejj) — (si + rjr) < myj).
Since Z \/Var(Eij;) — (si +1j;) ~ N(0, Var(E;j;) + V'), our result holds. O

B.2 Theorem of Section 2.4

Proof. It is obvious that the mean of each A;
and that the covariance between any A;
(4).

It is straightforward to check that 63 Mg + (62 +c%)I, satisfies the final two terms
in Equation (4), and that this is the covariance matrix of vec(E;). Note that for any
two n-dimensional vectors a and b, we have that

ij are equivalent for (I), (II), and (III),

ij and Ay, as given by (III) satisfies Equation

1. vec(ab') =b®a,

2. Cov(l ® a) = J, ® Cov(a),

3. Cov(a® 1) = Cov(a) ® J,,, and

4. Cov(l ®a,b®1)=1 ® Cov(a,b) ® 1’,
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where J,, is the n X n matrix of 1’s. We may then write the covariance of the A4;;’s
as given in (III) as

Cov(.oZ,) = Cov(vec(s, 1) + vec(1r;) + vec(E,))
= Cov(l ® s; + r; ® 1 + vec(E;))
=0, Ly +2Z,0J,+1®Zy® 1’ + 1’ ® Zgn ®1+ O—%QMR + (0’3 + 0'122)In2-

Hence (I), (II), and (III) have the same covariance structure.
Finally, we have from (III)

ol =vec((B, X))+ (0,9)+1®s, +r ®1 + vec(E,)
= vec((B. 21) + (0.%:)) + (L ® I))s; + (In ® 1)r, + vec(E,)

VeC((B, g[) + <0, gz>) + ((1 ® Imln ® 1)2[%3 (O-IZQMR + (O-g + G%{)Inz)%)z

IIN

where z is a (2n + n?) x 1 vector of independent standard normal random variables,

and
o Est Zsrt
Zt o ( z:;rt Z"l )’

Since vec(.#7;) is an affine transformation of z, we have that the 4;;’s are jointly
normal, indicating that (I), (II), and (III) are equivalent. O





